Introduction to Machine Learning

This is a summary of the 2026 IML Script (FS26). All content from

the script is (briefly) covered. There may be errors.

Wherever || - ||, isn't specified, p = 2.

1 Regression

1.1 Supervised Learning

Supervised Learning is the task of 'learning’ a function
relationship, based on a given set of inputs/outputs.

Some terminology:

r € R? Inputs (Attributes/Covariates)
o(z) € R? Features

yeR Outputs (Targets/Labels)

D = {(x;,y;)}~, Training Set

D’ Test Set

f:RPF 5 R Predictor (Model)

W(f(z),y) Loss

Machine Learning Pipelines can often be classified using:

F Function Class
L(f) Training Loss
Optimization Method

The function class F' is a set of parametrized functions. We are
looking for the f € F' that minimizes L(f).

D. Training Loss

1.2 Multiple Linear Regression

Multiple Linear Regression directly uses the 2 € R?.
Here, Fiffine = {f(x) =w'z+ w0|w e R% wp € ]R}.

Rmk. Why are we using linear functions instead?
Any estimator f € Fiine can be rewritten as ./‘(\(/;rn l)) = (w,wo) " -
(z,1), thus we can augment the inpurs = — (z,1) and

instead search in Flinear = {f(z) = W " x| € R4T1Y

1.3 Loss Functions
D. Squared Loss [(f(2),y) := (f(=) —y)z

Most common Loss Function, but sensitive to outliers.

D. Absolute Loss  lys(f(2),y) := |f(z) — y]

Less sensitive to outliers, but not differentiable.

D. Huber Loss

(f(z) —y) f(z) —y| <&
(1f(x) =yl = 18) |f(x) —y|>6

Using parameter §, the penalization of outliers can be controlled

1 N

lhuber(f(m)vy) = {

Assymetric Loss: In some cases it is desirable to penalize
overestimation harder than underestimation, or vice versa.

D. Quantile Loss

L-(f(z),y) == Tmax{y—f(x), O}+(1—T> max{f(x)—y, 0}

Using parameter 7, over/underestimation can be penalized

1.4 The Normal Equation

The normal equation is the basis for the closed form solution
of linear regression. (square loss)

To find f := arg minL(f) we look for ideal weights @ € R?.
fEEinear

1< 2
W :=arg minL(f,) = — (yi — wai)
weR n ;\ ,
l(f(fﬂz‘),yz‘)

A natural abuse of notation here is L(w) := L(fuw)-

This can be rewritten in matrix notation:

n 2 9
T
S (wi-wTai) =y - Xu]
i=1
The factor % is irrelevant for Optimization, it doesn’'t depend on w
So we find a problem familiar from linear algebra:
N . 2
w = arg mlnHy - Xw”
weR?
The solution is a stationary point, so:
2 . !
Vully — Xw||” = 2X (X —y) =0
Which yields the Normal Equation.
X'Xw=XTy
Th. Geometric Interpretation

§ = X for W solving X"Xw = X Ty is the orthogonal
projection of y onto span(X).

Set of all possible

7 \HJ/—”.&:J’H

vi=TIyy
(has the smallest ||y — #||)

span(X)
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1.5 Closed Form Solution

Th. Minimum-Norm Solution
t —1
W= (XTX) XTy=xXT (XTX) XTy

for W = arg min”w”2
weRd

Rmk. The computational cost for this is O(nd? + d3).

The closed form solution depends on rank(X).

Assuming d < n and rank(X) = d: (XTX)~! exists.
w=(X"X)"'X"y  (unique)

Assuming d > n or rank(X) < d we have |ker(X)| = o
and there are infinite solutions. The pseudo-inverse provides
the minimum-norm solution:

;
W = (XTX) Xy
Rmk. If rank(X) = d, then (XTX)" = (XTX)"".

1.6 Non-Linear Least Squares

To expand Linear Regression to Non-linear functions, feature
maps are used on x of the form ¢ : R — RP.

p
fu(@) =Y wlé;(x)
j=1
This induces a function class different from Fjnear:
p
Fy= {fw(x) = Zw}@-(m) ‘ w € RP}
j=1

But the optimization problem remains the same:

& € R™%P now replaces X € R"™*4,

2
W = arg minHy — CIJwH
weERP

$106)
¢:R% > RP

X1 wy »
, : G = w4y
i : e J=

Xiay

Pp(x)
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2 Optimization

Problem: Finding w for [ with no closed form solution.

or if the closed form solution is too expensive to compute.

Solution: Iterative optimization methods.

Algorithm 1: lterative Optimization

t+0;
w® Winitial
repeat
w(t+1) — w(t) _|_ ﬁtv(t) ;
t+—t+1
until Stopping Criterion;
return w(®

Notation The update takes the form 7jzv®). v(t) is the update direc-
tion, ¢ is the step size.

2.1 Gradient Descent

Intuitively: go in the direction v(*) where L decreases most.

L. —VL(w®) is the direction of steepest descent.
Assuming diff.-able L. Provable via Taylor expansion & Cauchy-Schwarz.

D. Gradient Descent Update Step

VL(w®)
IV L(w®)]|
W) Z® Y L(w®)

WD = ®

=w'" — - (Normalized)

(Unnormalized)

Rmk. Strictly, 1 is no longer the step size, but a step size factor. The
actual step size is 7 = 7 - [|[VL(w®)]|.

Unnormalized gradient descent takes advantage of ||V L(w®)]|:

e |[VL(w™®)| small — close to stat. point — small steps.
o |[VL(w™®)| large ~ far from stat. point — large steps.

Stopping criterion uses the same idea: [|w! — w!T!|| < € or
equivalently ||[VL(w®)| < i i.e. stop if little change is
being made.

Algorithm 2: Gradient Descent

t<«0;

w® Winitial

repeat
w D — w® — pVL(w®) ;
t+—t+1

until |Jw? — w1 <

return w®

D. Descent Direction: v s.t. for a suitable n > 0, we
have L(w — nv) < L(w), i.e. L decreases.

Th. GD-Update is a Descent Direction for a suitable 7.

i.e. if we choose n well, GD decreases L at each step.

1 too small ‘ slow convergence

7 too large ‘ overshoots stationary points

————
—— |
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2.2 Convergence Analysis
Question: When & how fast does GD converge to w?

D. Linear Convergence
vt Jw® — || < C - pt for some C' > 0,0 < p < 1.

Called linear, since we multiply with a fixed p < 1 at each step.

Rmk. Linear convergence is exponential in terms of ¢t.

Th. Linear Convergence (GD)
GD converges linearly to the optimal solution w:

w = arg minL(w)
weR?

2

Where rank(X " X) is full and pp < ——————
/\rnaX(X X)

Convergence & convergence rate depend on 7.
The optimal 1 depends on X:

2
Mlopt = )\max + )\min

Where Amax = Amax(X X) and Amin = Amin(X X)

D. Condition Number &

>\max
>\min

R =

The optimal p is pmin = :—H Thus, the convergence rate is
determined only be the eigenvalues of XX, i.e. k.

k=1 ‘ well-conditioned ‘ fast convergence

K>>1 ‘ ill-conditioned ‘ slow convergence

Rmk. Geometrical Interpretation of
Considering the ellipsoids L~!(c) = {w € R? : L(w) = ¢}, i.e. the
contour lines of L: For a large k, the ellipsoids are distorted (large axis

ratio). Equivalently for small x, the ellipsoids are nearly spherical.

2.3 Stochastic Gradient Descent
Method Minibatch Stochastic Gradient Descent

The main cost of GD stems from calculating & storing
Vu l(fw(xi),yi) for all z;, at every step.

We instead use only S C {1,2,...,n}, selected randomly:

Vis(w) = 5 3 Val (fulei)u)
i€S

Rmk. if |S| =1, this is called Stochastic Gradient Descent.

Algorithm 3: Stochastic Minibatch Gradient Descent

t<«0;

W < winitial ;

repeat
S+ Sc{l,...,n} randomly ;
wt D — w® — pVLs(w®) ;
t—t+1

until |Jw' — W' <¢

return w(*)

Note how it no longer holds that the direction of SGD is a
descent direction, however:
L. Descent Direction in Expectation

id
Consider [S| =k s.t. S & {1,...,n}. (duplicate selections possible)
S=A{l,..., I} s.t. I} = Iy, is possible for | # m

LSy [Valfuler))]

j=1 \i=1
=3 Vulfale).v) (arth.
= VIL(w)

k
iszl(fw(xzj),yzj)] (def. VLs)

(lin. E)

1 k n 1
=5 2o\ 2 Vel(fu(@d) | (def. Er))
v

2.4 Other Gradient Methods
Method Momentum
The GD Update is modified to consider previous updates:

Momentum Term

—_—
Wt = w® — Y Lw®) + a(w® — wtD)

Where o = -8 s.t. 8 €[0,1) is the momentum coefficient.
Rmk. Intuition: Dampens oscillations in the gradient direction, espe-
cially for ill-conditioned problems. The momentum term is a weighted

average of previous updates.

Rmk. Previous Gradients: The influence of prev. gradients decreases
exponentially. This can be seen by expanding the recursion above.

Method Adaptive Methods

Adaptive methods use parameter-specific learning rates for
each parameter w;:

L
w§t+1) _ wl(t) __n___. %(w(t))
/5Z(t) 4oy Owi
Where 6 = (0! — w{"™)2 and 7 > 0.

Rmk. Intuition: The idea above is that parameters that have changed
significantly already should have lower learning rates.

Rmk. ADAM is an adaptive method.

Method Second Order Methods

Methods which use the Hessian H (w®).
Computationally expensive and usually not done directly.



3 Model Selection 4 Regularization 5 Classification

In regression, we search an f :RT SR, ie y, 9 €R.
In classification, we want § € Y C R, s.t. )V is discrete.

5.1 Binary Classification

We generally use Y = {+1,—1} and set § = sgn(f()).
So, a linear classifier where f(z) = w2 takes the form:

1 w'z >0
T
-1 w'z<0
D. Decision Boundary {x € R? ’ flz) = 0}

Like in regression, using features is again possible.

5.2 Surrogate Loss

We'd like to reuse the loss minimization from regression.
A natural metric for accuracy is simply checking if g = y.

D. Zero-One Loss

N 1
lo-1(9,y) = Lgzy = {0 .
We could try minimizing this:
Z 10—1(@, y) = Z I, @) y<0
(z,y)€D (z,y)eD

Unfortunately, lp_; is non-continuous and non-convex.
We introduce surrogate loss to still apply GD.

Note how Iy, = I5.y<0, so lo—1 only depends on z := §-y.
We thus define losses over z, that are cont. and convex.

D. Surrogate Loss
lep =€ 7 liog = log(1+e7 %)

A notable difference is that [, is unbounded,
while lj,, = 7= € (=3, —1) for z < 0.

This is better for outliers, thus ljog is usually preferred.



5.3 Logistic Regression
We assume wg = 0
We try to minimize ljog = log(1 + e~%), so:

Zq

/—/A

leog 2;) = Zlog(1+e Yi - w xl)

Assume {x;,y; }_; is linearly seperable, i.e.

Jw € R? : yi~wT:vi>O Vi<n
——

Z4

Then there are multiple valid decision boundaries. Addition-
ally, L(w) is then convex.

the distance z to the decision boundary is: ||zg]|2 -] cos(0)].

0 between w, xo € R4

lw T o] B |w T 20|

w2 [lzoll w2

[zoll2 - [ cos(8)] = [|zoll2 - H

Note if w is a unit-vector, this is just \u:T.r[.\

D. Margin margin(w) := min y; - w ' a;
1<i<n

5.4 Solutions

D. Maximum Margin Solution

wWMM = max min (yl . wai)
[Jwl|l2=11<i<n

If D is linearly seperable, this is convex.
Rmk. Also called hard-margin SVM, assuming lin.-sep. data
D. Support Vector Machine

WeyM 1= rrélleHng st. yi-w' a;>1 Vi<n
w

Solving these problems is actually equivalent, up to scaling:

wsvm o
= WmM (This also holds for the case wqg # 0)

lwsvmll2

By relaxing the SVM constraints, we can use the SVM prob-
lem on lin.-insep. data too:
yiow' 2 <1 — yirw'aw; <1

C=(C1y---, (n)st. ;>0

D. Soft-margin SVM

wsm =  min

n T >1—C
i (wIIQHZQ) st QU oG
weRL CER™ P ¢G>0 Vi<n

A (hyperparam.) intuitively controls how much a violation is penalized

Another perspective: The optimal (; are:

17yi"LUTl‘i |fwaTzZ§1
G =
0 else

So the problem can be formulated without ¢ too:

D. l;-penalized Hinge Loss Optimization

mln (||w| Jr)\ZmaX 0,1— yi.me)>

=1

Hinge Loss

5.5 Gradient Descent for Classification

In practice, instead of explicitly solving wsym or wmm, GD
is usually applied on a diff.-able convex surrogate loss.

5.5.1 On linearly seperable data

Assuming {z;, y; }7_; is lin. seperable, L(w) = £ 37" | liog(2;)
is convex, but no global optimum exists. Using GD, L(w)
will approach 0, but the iterates {w!’ | ¢t € N} diverge. How-

ever, w' may converge in direction, and interestingly:
Th. GD converges to wmm for lin.-sep. data (log. loss)
wt
lim —— = wum

t=oo [|lw!]

On L(w) (logistic regression), p =1

5.5.2 On linearly inseperable data

Assuming {x;,y; }_, is strictly lin. inseperable, i.e.

Vu#£0: Ji<n: y-w a;<0

Th. GD converges on lin.-insep. data (log. loss)
lim w® = @

Jiw € R? :

!

720 (X)

On L(w) (logistic regression), p =

Rmk. Only holds for ljog. In general, this is a hard problem.



5.6 Multiclass Classification
What if |Y| > 2? E.g. Y = {cat, dog, fish}
Idea: Train K := |Y| classifiers fi,..., fx € F.

Why not one f? E.g. discretize further: 1 — cat, 2 — dog, 3 > fish.

Problem: this assignment suggests cats are closer to dogs than fish.

We can then predict the class using these fk:

g(z) = arg maxfk(z)
1<k<K

This leads to one decision boundary per class.

D. One-vs-Rest Training
Train each model seperately by relabeling for each fj:

-1 yi=k

1. Define Dy, = {z;,y;} where g; := {1 vi # k

2. Run binary classification on Dy, to get fi
This leads to K classification problems, which might be slow

Another way to reuse the existing methodology is to use a
new loss:

D. Cross-Entropy Loss

eXp(]Ey(SC)) )

lee Alx,...,A x), =—1lo =
(fi@), fx@), v) g<zf=1exp(fk(x))

yed{l,..., K}, fi(z) eR

lce encourages the true class fy (2) to be the largest fi(z;).
Rmk. For K = 2, if we use ¥ = {+1, —1} then lce = liog.

The parametrized optimization problem then is:

min (i lee (fw(xi)7 yz)>

w1 ,...,wg ERL \ £
i=1

Here, w € RY*<K is a matrix: w = (w1, ..., WE)
This then yields fr = fa,

Rmk. These methods may lead to very different decision boundaries!

5.7 Generalization

First, a lot of assumptions:

1. Inputs X € X come from a prob. distribution Px

2. Training & Test set sampled i.i.d. from same distribution
Note that in general, this is rarely true.

3. There exists a ground-truth y*
4. The observed labels are noisy: (y | z) =€-y*(x)

A mutliplicative noise model, unlike lin.-reg. : YV = f*(X) + €

5. € is also from a prob. distribution P,
Not necessarily indep. from x!

Focusing on y*(z) € {+1,—1}, we set € € {+1,—1}.
Intuitvely: € just flips the label

This allows defining a Joint-Distribution

Plz,y] = Py[z] - Ply | 2]

5.7.1 Evaluation

An intuitive metric to check is proximity to y*:
Which can be done using the 0-1-loss

(5).y" (@) = Lyt
Now, we can define the expected classification error:
Ex [1(5(2),y" (@) ]| = Ex [y 0] = P[9(2) # 4" (@)]
We can’t compute or estimate this, since we don't have y*.

However, we can find an estimate of Ex y [{(§(X),Y)] using
the observed X,Y.

Why is this useful? It approximates the generalisation error:

D. Generalisation Error (0-1-Loss)
L(f; IP’X,Y) =Exy [l (f(X)7Y)] =Pxy (f/ # Z/)
We can empirically evaluate this on a test set:

1
|Dtest| Z Hﬁ(zﬁéy*(m)
(2,9) € Drest

5.8 Hypothesis Testing
Classical statistical methods can also be used.

D. Asymmetric Errors
Misclassifications may be weighted differently.
Mistakenly classifying = with y*(x) = 1 as 2, may be worse than 3.

For binary classification, we may label:

+1 — "Positive” — 1 +— "Negative"

This leads to the notion of confusion matrices.
y=+1

FN (Type II)
g=+1 | FP (Typel) TP

D. Empirical Measure
For an event A C X x {+1,—1}

1 n
]P)TL[A} = E ZH(Ii,yi)EA
=1

D= {(zi,yi) | i <n} C X x{+1,-1}
P,[A] is the percentage of (z,y) € Dyain that belong to A.

L. P,[4] is an estimate of Px y [A]:

lim Pn [A] = P)Qy[A]

n—oo

(Law of large numbers)

Rmk. Asymmetric Loss in binary lassification
We can now weigh FP, FN differently in the 0-1-error:

CFN

CFP
= T ——T E Ig(z)=+1
- 11 Z v =-1 v
Hz |y =+13 (z,y),y=1 Hz 1y } (z,y),y=—1
#FN #FP

Here cgp, cpn are the weights for penalization

Generally, reducing FP errors increases FN errors, and vice
versa.



5.9 ROC Curves

Rmk. A side-effect of using §j(z) = signf(x) is that the
magnitude | f(z)| can be interpreted as confidence.
We can set:

+1 if f(x) > 7T

i (@) = sien(f(@) =) = {_1 i f(z) <7

Now 7 can be used to penalize FP (7 > 0) or FN (7 < 0).

Note how this way, we don't modify the Optimization problem.

What if we don't know which FP/TP rate is desired?

Formally: which 7 should be used?

D. ROC Curve (Receiver Operating Characteristic)
Plots TP Rate against FP Rate for different 7.

ROC Curve on 4 classifiers

ideal classifier
0.8

1
0.6 : B

0.4 i

0.2 / !
]
: FPR

0.2 0.4 0.6 0.8 1

T decreases
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Rmk. How to read this? A straight line is equivalent to random guessing,
anything above is better. 7 isn't directly included in the curve, but it follows

from the definition that 7 decreases as the FP rate increases.
How can we measure performance independent of 77

D. AUROC (Area under ROC)
AUROC is 1 for the ideal classifier, and always in [0, 1].

6 Kernels

Motivation: Regression using feature maps ¢ : R — RP:

n

féﬁ?% Zl(yz-,wT : ¢>(xi))

=1

What if computing/storing ¢(x) is expensive/infeasible?

e.g. if p is large, or infinite

Rmk. To store a poly. p(z) : R? — R with deg(p) = m we require p =
O(d™) features. Storing n data points requires O(nd™) memory. Not good.

6.1 Kernelization

By constraining w to span(®') C RP we can drastically
improve memory usage. Since we know a minimizer exists
here, we don't "lose anything”.

D. Kernelization
1. Reparametrization: We assume w = ® "« (i)

2. Loss via Inner Products: Observe:

n

f@) =w o) 2 (@7a) o) = 3 ai(o(z) ol) )

i=1
Note: x; only appears in inner products ¢(x;) " ¢(z;)

3. Replace Inner Products: We define:

' RYx R4 5 R ) K e R**n
k(z,2") = ¢(~T)T¢($/) K;; = k(»’ﬂz‘a%‘)

Now, we can reformulate the optimization problem:

n

R . 1
min — ;l<yi7;%k(%%)> = min ~ Zl(yi, (Ka)i)

=1

By storing K € R™*" instead of ¢(z) € RP fori =1,...,n,
the memory usage is reduced: O(np) — O(n?).

6.2 The Kernel Trick
Using k, the computation time is still O(n?p) if
k(zi, x;) = ¢(~%‘)T¢(%‘)

So let's replace k with a simple function, which guarantees
the existance of some ¢ (which we never calculate).

Rmk. Since we only implicitly specify ¢ via k, we can use ¢ s.t. p = co now.

D. Kernel Function k : R? x R* » R

1. kis symmetric: Vz, 2’ : k(z,2') = k(2/, )

2. kis PSD: Vn € N,V(xy,...,2,) € R%:
k(z1,21) k(z1,2n)

K= : : is PSD
k(zn, 1) k(zn,xn)

Th. Kernels guarantee existance of ¢
If k is a kernel, there exists a Hilbert Space (’H, (- )7.[) s.t.

3¢ :RY = H st k(z.a') = <¢(x), ¢($/)>HV$, z' € RY
H may be, for example, RP with || - ||2.
L. Properties of Kernels
1. Composed feature maps are Kernels

;R4 5 RP
Z P RP} b 2') = (0(9()), ¥ (0(a")) )

2. Kernels can be added in 2 ways, yielding a kernel

(i) k(@y)@y)) =k +
(i) k(x,2) = ky(z,2") + ka(x,2)

3. Kernels can be multiplied in 2 ways, yielding a kernel

L. Non-negative Taylor Series
g: R — R s.t. g has only non-neg. coeffs. in its Taylor Series

k(z,z") = g((z,2')) is a valid kernel



7 Neural Networks

Motivation: So far, when looking for f(x) the form was
f(z) = w'z, or f(z) = w'¢(z). Note how the features
x, ¢(x) are predetermined. Why not learn them?

New Optimization Problem:

The new join-optimization problem, for w and ¢:

© is a set of parameters for ¢

W= arg min Zl( To(zg; ),yz>

weR™ OeRmXxd

Where ¢(z,0) = ((;51(:3; 6.). ...
0; is the ith row of ©, i.e. 0; := (O); .

7¢m($§ 9m)>-

More compact, in terms of ©, which combines w, ¢:

iil(@;xi,yi)

© may also encapsulate w, ¢ for multiple layers, depending on definition

O* :=arg min(L(@;D)) = arg min
e e

7.1 Definitions

D. Activation Function
We set ¢;(w;0;) = (0] ), ¢ is the activation function.
6; €RY Y:R—-R

Notation More concisely, ¢(z; ©) = ¢ (Ox)

Activation Function Definition
Identity Y(z) =2z
Sigmoid P(z) = Hle_z
Hyperbolic tangent (z) = tanh(z)
Rectified Linear Unit (ReLU) ¢ (z) = max(0, z)

Rmk. Derivative of Sigmoid o (z)' = o(z) - (1 — o(x))

D. Artificial Neural Network

The output functions of the above problem take the form:

ijw 0 x)

Rmk. Also called Multi-Layer Perceptron (MLP)

f(z;w,0)

What is happening here?
Explaining the calculation steps for such an f naturally leads to the
common pictorial depiction of neural networks.

(i) =z (x1,...,2,) €R? (Input Vector)
(i) = = Oz (Linear transformation)
(iii) Ay = (%) (Activation function)

(iv) flx) = ijhj (Output)

D. Hidden Layer h = ¢(z)
D. Bias Term b ¢ R™

Needed, as f might not pass through origin. Similar to using Fj;, in
regression, these can also be added by augmenting the input & hidden

layers.

Does this work at all?

Yes, for most functions this does work.
D. Sigmoidal Function

{U :R—R
o(t) s.t.

lim =1 and lim
t—o00 t—o00

Th. Universal Approximation Theorem

f, that uniformly approximates f, exists and takes this form:
Fla) = W(2)1/1<W(1)x + b)

f:[0,1]¢ — R continuous, 1 sigmoidal
W e gmxd W@ g RIxm - m e N
Note how m could be very large.

m can intuitively be understood as the "width” of the ANN

8

D. Fully Connected Neural Network
More complex ANNs might have:
1. More hidden layers
2. Multiple outputs
3. Differen activation functions across layers

These are called fully connected, since every node in a layer
is connected to every node in the adjacent layers.

There are also more complex architectures.

| Input Layer | ‘ Hidden Layer 1 | ‘ Hidden Layer 2 ‘ ‘ Output Layer ‘
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Notation Weights: W) := [w,(jg] Biases: b,(f)
and © = (W(l), L WE @ b(L)) (All parameters)

(4)
k

w ; "Weight at layer i to node k from node [”



7.2 Forward Propagation
How can we make predictions, i.e. how can f be evaluated?

D. Forward Propagation
This is just the computation for 1-layer ANN generalized for L layers

Algorithm 4: Forward Propagation

RO — z;

for/i=1,...,L do
PONSRYVIOFN(ESY +p®
L) = gb(z(”)

end

f WL p(L=1) 4 (L)

return f

7.3 Backwards Propagation
How can we get all gradients needed for model training?
D. Backwards Propagation

Intuition: An efficient way to get the gradients is to reuse
results from forward prop. and previous steps. This works
best when starting at the back, at V(.

Goal: VW(1>Z, ey VW(L)Z, Vbu)l, ey Vb(L)l

Step 1: Calculate V!, i.e. start from the back.

ol
Vwol ==t

= % : % (Chain Rule)
(=)

_ gi . 5 (f = WERE-D 4 D)
(o)
(h(L—l))T o

(2 -
(o-)"

Notice how h(L~1) was computed during forward prop.

Step 2: Calculate V-1l

ol of  onl—h  E-D)
af 9hIL-1 9211 " -1
~ T/ Y ——
(1) @) ®3) e

VW(L—l)l =

1. Already done in Step 1.

2. Already done in forward propagation, equal to w(b).

def \ni(L) 7 (L—1) | 1 (L) of o
FEWERED 16D — s — W

3. Not done. Needs to be calculated:

OnL—1) aw(,z@*l))
92(L—1) — g1

= diag<w’(z(L_1)))

W (z(“”) 0 0
- 1o W (sz*”) 0
0 0

4. Already done in forward propagation, analogous to
step 1.
(hE=2)"
9z(E—1) ,

oW |
(ue=2)"

Step ¢ < L: Calculate V- Analogoues to step 2.

The biases V,)r,‘/ are analogous.

(Chain Rule)

ZZJ(Z?(;L_I))

7.4 Optimization
Problem: How can we train the model, i.e find ©*?

O* :=arg min(L(@;D)) = arg@min (le zn:l(@; x;, yl>>
i=1

(C]

Rmk. L(©;D) is generally not convex.
i.e. local minima, saddle points may exist

Rmk. dim(©) is the total param. count of NN, may be very large
Solution: Gradient Descent (with optimizations)

e Stochastic Gradient Descent
(Why? dim(©) is very large, Vol(©; z;,y;) are expensive)

e Minibatch Gradient Descent
(Why? D may be very large, so there are many gradients)

The standard GD update for O is:
ottt — ot —y, - V@L<®;D)

In Minibatch GD, this becomes:
Where S C {1,..., n}

1
Ot =0" -1, Ver <|S| Zl<®t; x“yz)>

i€S
Rmk. An advantage: If © approaches a stat. point (which isn't the
global minimum), GD will converge, but MB-GD may not converge.
The further subsections go into more details:
1. Preventing vanishing & exploding Gradients
2. Choice of initial w;

3. Choice of py



7.4.1 Vanishing & Exploding Gradients

Vet <|é| ;l(@t§xiayi)> = é g(vetl(@t; in,yi))

The terms VQtl(Gt; T, yz> each contain VWU)I(W(”; T, yl>

Problem: Optimization might fail if:

va(z)lH — 00 or va(z)lH — 0

Solution: ||V\yu!|| depends linearly on diag(d/(z(l))), so
the choice of 9 (') can be used to constrain |V ||

Generally, the gradient follows the behaviour of 1)’
Which features do we want ¢ (¢') to fullfil?
e 1)/ should be fast to calculate

e 1) should be non-zero (and not get too close)

Rmk. The HVW(Z)ZH may still vanish for any 1.
7.4.2 Random Weight Initialization

oL of onW 9200

Vwol = af an®  9:0 " ow®
(h(lfl))T
oL Af
(h(l—l))'l'

So, the gradient ||V\y || also depends on [|A(—1)].
Forle{l,...,L}

Problem: It might be that ||h(!=D| = oo or ||~V — 0.

Solution: Set KLU~ randomly, bound mean g and var. 2.

There is no generally optimal bound for o2, it depends on the NN.

Rmk. Practical distributions for common :

Nout, Nout are the node counts of the layers adjacent to w;

P Weights

tanh | w; ~ N[O, %m)
tanh | w; ~ N (0, #nout)
ReLu | w; ~ N(0, nQ)

7.4.3 Learning Rate & Weight Updates

1
@t-i-l _ @75 — g V@t <|S ;l(gthuyl)>

Problem: How to choose ? (Learning Rate)

Solution: Heuristics.

There is no generally optimal .
Method Piecewise constant pi;

Intuitively, it makes sense to reduce y; as optimization pro-
gresses, as the algorithm approaches the minimum.

Linear/cosine decay could also be used.

1 0>t<3
0.5 3<t<6

H= Y025 6<t<9

Method Weight update indicator

In practice, SGD often oscillates in finding the minimum.
Then, a monotonic u; doesn't make sense.

V@tL(@t; D)
18

In general, if this indicator ratio is small, a higher learning
rate makes sense (and vice versa).

Intuitively: How strongly is the weight change, relative to weight size.

Method Momentum

Combine the update direction with the previous update di-
rections, for some weight m > 0, to stabilize.
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7.5 Regularization

Problem: How can overfitting be avoided?

A few methods can be applied directly to SGD:

Method Penalty Term

Similar to Ridge/LASSO Regression, a penalty term can be
used, with some weight A > 0.

arg min (L(@; D)) —

arg min(L(@;D) + )\||@||2)
O€cR4

O€cRd
Method Earlier stop

Choosing a different stop criterion for SGD, e.g. perfor-
mance on the test set D',

Rmk. Validation & Training Error

Overfitting occurs when the training error (on D) continues
to fall, but the test error increases (on D’).

stop training here

validation error

training error

5 10 15 20 25 30 35

Introduction to Machine Learning (2026), p. 196



7.5.1 Dropout Regularization Method Batch Normalization 7.6 Convolutional Neural Networks

This is a method specific to Neural Networks. In pratice, only batches of ¢ are normalized. The core idea In fully connected NNs:
is to set 1t — 0 and o2 — 1 within the batch.

SN Dropout This isn’'t optimal for all problems, and can be tweaked using f3,~ h(l) = w(W(l)h(l_l))

Fix some p € (0,1). For each SGD iteration in training:

The algorith th t d buff 2 a.
Drop out each hidden unit with probability 1 — p, and skip e algorithm uses the parameters 3, y and buffers pema, 0gma

5.~ are learnable and can also be optimized Each unit of layer [ — 1 affects each unit of layer [.

their optimization for this iteration. In CNNs, this is relaxed: not all nodes (must) interact.
_ Normalization Step (Training set) .
o ni_1 O o) " For a minibatch & — {i1. .., i}, the batch is {1, .., a1, }. D. Convolutional Neural Network (CNN)
Z; = Z (w]—,ihi ) +b; (Regular Neuron) ) Layers are connected via convolutions.
i=0 Step 1: Find current values of j,o?.
Mni—1 1 1 -1
X0) :w(w()*h( >)
o _ (1) (=1) O] ; 1
Zp = Z (wj,ihi 'Hci) + bj (Wlth DrOPOUt) ns = Zl‘j (minibatch mean)
i=0 |S] 4
JES
P 2 Rmk. In CNNs, the weights are also called filters.
. (1—-1) . - . 1
Where C; := {"Unit h; " is kept this iter." }, so P[C;] = p 0‘25 = — Z(xl — /1,5) (minibatch variance)
, , S| s D. Convolution (Discrete, 2D)
Problem: For D', we again want to use all layers. weRF  zeRd
v e IR, xr
Solution: Scale all weights with p Step 2: Update the moving average: Lgma, TEua-
min{s,k}
. Nl . l —
For this, we use E[zj( )} instead of zj( ). pema = (1 — a)puema + o - ps (avg. mean update) W T = Z (wj : l"z‘—j+1>
j=max{1l,i—d+1}

U.ZEMA = (1 - O‘)UEMA +a- O'?S (avg. variance update)

T
]E[zj(.l)} = (p . wy)) G + bg.l) Step 3: Update the ;. Understanding this is easier by example:

Example: w = (w1,w2)", = (w1,32,23)"

By using i[l(-ﬂ =P[Ci]=0p Lo —
i‘j = \/]?MS (point normalization) wy - x1 + w0
o+ €
7.5.2 Batch Normalization ~ s . wrg= |W1 T2 T W2
Tj=7"T;+ B (scale & shift) w1 - T3 + wa - T2
During SGD, the weight's o may again explode. w0+ ws - 23

After few iterations, w; may have changed completely from init. Normalization Step (Test set)

Example: a CNN with 3 inputs and 1 hidden layer:

Problem: Internal covariate shift. Only apply step 3, now using the moving average values.

The mean p deviates from 0 and o2 might increase z1 wi 0 0
T i Ml (point lization) z w w 0 .

. . . .. = oint normalization 2 2 1
Solution: Standardize v also during training. J [o2  Fe ? = Nz =wxz
EMA 23 0 w2 w
_ N T
Tj=7"T;+ 6 (scale & shift) N 0 0 ws 3
W(1) in CNN

11



7.7 Network sizes
Example: CNN vs FCNN (MLP) Parameter counts.

We can model an RGB Image as I € R1920x1080x3
are the RGB values of pixel (i,7). We use a CNN & FCNN to analyze.

For an FCNN N with 1 hidden layer with h nodes, and o output nodes:
size(N) = (1920 - 1080 - h) + (h - 0) + (h + 0)
—_——— N —
All-to-All Output Bias

For a CNN N’ with an n x n Filter, padding p and stride s:

192 2-p— 1 2.p—
size(N’):(90+ D n+1>'(080+ D n+1>
s s

The advantage of CNNs becomes clear when plugging in values, e.g.
N : h=256,0=10 N :n=4p=2s=2

size(N) = 1'592'527'626 size(N') = 519'901

7.7.1 Multidimensional Convolution

TODO add explanation

where (I; ;1,15 j,2,1; j,3)

8 Unsupervised Learning

In Unsupervised Learning, D contains no labels.
Models both define labels & assign inputs to labels.

D= {xl,...,xn}

There are many use-cases:

(Dataset in unsupervised learning)

1. Compression
2. Discovery of latent variables
3. Anomaly detection

4. Exploratory data analysis

8.1 Clustering
D. Clustering

The goal here is to group inputs into clusters, based on some
definiton of similarity, e.g. I3 distance for D C R2.

This can be seen as the unsupervised analogy to classification

8.1.1 Basic Methods
Method Hierarchical Clustering
A simple method, using the "similarity” measure directly.
1. Each x € D starts in its own cluster
2. lteratively, the 2 "closest” clusters are merged
This results in a tree, thus hierarchical clustering.
Method Partitioning

In Partitioning methods, a weighted graph is constucted us-
ing D and partitioned using graph theory approaches, i.e.
using cuts or spectral analysis.

Rmk. Both Hierarchical and Partitioning do not give a natural way

to deduce cluster membership for new datapoints.

12

8.1.2 k-Means Clustering

In k-means, a cluster is represented by its center: u; € R%.
The cluster assignment z; for z; € D:

z; = arg mioni — U
3=1,...k

(Closest center)

Rmk. This strategy induces a partition of R%. (Voronoi Pattern)

Problem: How to find p1 = (pt1,. .., pux) " ?

A new optimization objective:

2 n
o' =3)
=1

(minimize the sum of sq. distances between points & their centers)

Ti — Mz

Rl = |
=2 iy

Rmk. || - ||2 corresponds to the mean. || - ||1 would use the median.

So we are searching: (non-convex & NP-hard)

arg min(R(u))

m

(optimal k-means cluster)

Method Lloyd’s Heuristic

This is an iterative method to find the cluster centers.
T

D. z(t) = (zit), A zy(f)) (assignment of z; at iter. t)
T

D. p® = (,uit), . ‘,;L,(:)) (Cluster centers at iter. t)

D. ng.t) = Hz =1,...,n ) zj(.t) = ]}’ (Size of cluster j at iter. t)

Algorithm 5: Lloyd's Heuristic

0 0
Op. (u§)7.-.,u§c));

repeat
th) < arg min Hxi—,ugt_l)H fori=1,...,n;
jef{l,....k}
ugt)<— (1t) Z x; forj=1,....k;

7 s.t. zE”:j
t+—t+1;
until convergence;

Rmk. Each iteration is in (’)(nkd).



8.1.3 Convergence
k-Means is guaranteed to converge to a local optimum:

Th. Motonically decreasing convergence
Vt>1:

R(u(t),z(t)) > R(u(t+1)7z(t+1))
Rmk. For the global optimum, the initialization is critical.

Rmk. k-Means may produce bad results for non-sperical clusters.

(A consequence of using || - |2, kernels can overcome this)

8.1.4
Problem: How to choose p(?) = (ugo) ...,,u,(co)>?

initialization
)

Solution: Heuristics.

A simple approach is sampling uniformly from D = {z1,...,2,}.

However, This is problematic for unbalanced cluster sizes.

The chance that small clusters receive no initial //[/‘l ) is high.

Method Furthest Point Heuristic

(0)

Select p,” randomly, then iteratively maximize distance to

the nearest cluster center for subsequent ,ugg)l.
Method k-means++
More robust heuristic: more random factors against outliers.

Step 1: Pick uéo) randomly.

(0)

py =z €D, i~U{1,...,n})

Step 2: Pick ’u;o)k using this rule.

WO =z €D, min o g

i~ p(i) | min

Th. k-means++ is optimal up to O(log(k))

R(ttcmeans ) < O(log(k)) - minf(p)

8.1.5 Choosing k&
Problem: How to choose k?

Rmk. Unfortunately, cross-validation can’t be used: Both the training
& test loss will decrease as k increases, so the loss provides no good
stopping criterion.

Method Increase k until R yields diminishing returns.
Usually, plotting k against R yields something like exp decay.

Method Penalize higher model complexity.

weight A > 0 is generally easier to choose than k directly.

R =R(u)+ Xk

There are several other methods to do this, based e.g. on
concepts from information theory.

8.2 Principal Component Analysis
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9 Probabilistic Modelling

A different approach: Try to learn P* directly.
P* is the data-generating distribution

Some terminology:

D= {(wz,yl)}:l:l Dataset, sampled i.i.d. from P*

P* Data-generating distribution
P Family of potential distributions
Pep Optimal model of P*

Some advantages & applications:

1. Allows assumptions about data-generating process
e.g. what is the likelihood of sampling D 7

2. Understand why some methods work

e.g. on which distributions does the square loss work?
Encode prior knowledge into the model
Quantify uncertainty of predictions

Develop new decision rules

o o &~ W

Generate entirely new samples

9.1 Assumptions

Assumption 1: We assume D is i.i.d. sampled from P% .
Thus:

Pp = H Px,.v, (Independence)
i=1

Rmk. i.i.d. is a strong assumption: often false in practice.

e.g. sampling with temporal/spatial dependencies, bias, etc.

Method General-purpose Estimators
Methods that make no further assumptions, e.g. Histograms
or Kernel Density Estimation (KDE).

Generally require large D to be accurate, thus discouraged



Assumption 2: P* € P (some family of param. models P)

D. Parametric family of distributions
6 € © C RP fully describes the distribution P?

P:{Pe‘GEG}

The art here, is to choose P s.t. P* € P is likely. Then:
3 cO0: P=P" P

0 +— PY is assumed to be continuous. The advantage of this is that, if

0 is close to 6*, then P? is close to P? © = Pp*.

0.2 Statistical Inference

Problem: How to choose P from P, s.t. P is close to P*?

If P is parametric, this is the same as looking for § € © close to 6
Notation if Z has Pz € P = {P} | 6 € ©}
p(2:0) = pz(2)
Notation In the Bayesian context, where 6* is sampled from Py:
p(0) = po=(0)
p(z | 0) = pzex=¢(2)
p(0 | 2) = po=|z==
Where p is either a density or mass function.
There are 2 paradigms:

1. Frequentist: Model only using observed data

2. Bayesian: Model also using prior beliefs

9.2.1 Bayesian Paradigm

Further Assumption: 6* is sampled from a distribution Py«

Note how Py« i PO,

Th. Bayes’ Theorem (Applied to Inference)

p(D | 0)
p0| D) =B pe
0]y =B p0)
Posterior Belief ———"Prior Belief
Update

p(D) = / p(D | 6) - p(6) do

9.2.2 Maximum Likelihood Estimator (MLE)
Frequentist Approach: 6* is considered fixed a priori.

Method Maximum Likelihood Estimator

Finds éMLE, which maximizes chance of observing D over
the possible distributions P = {P% , | 6 € ©}.

D. Maximum Likelihood Estimator

. - 2
Corresponding to Px y = IP’XM'3§

OmLe = arg max p(D;6) ' " arg mapr z;,yi;0)
0€0 oee0

Rmk. Since log is strictly mon. increasing, the maximizer of the

log-likelihood also maximizes the likelihood.

Applying several transformations:

e = arg maXHp i, yi;0)

LISIC I —

= arg max log Hp -'L"uyue)
6€o i=1

= arg max 10g( Ty, Yi; 0 )
066 Z 3 K3 )

n

= arg min log( 30,?}99)

gco z:: o is0)

Generative Model

= arg min zn:flog(p(yi \ $i§9) p(l"z))

0co

=1
n n
= arg gin Z —log(p(yi | a:z-;G)) + Z —log(p(a:,
€ i=1 i=1

Indep. from 6

n

= arg min Z —log(p(yi | aci;G))

vee =

Discriminative Model

This has turned into an optimization problem. 2 approaches:

1. Analytically: insert p(aci,yi;e) or p(yi \ xi;ﬂ).

There are closed-form expressions in this statistical model.

2. Numerically: Gradient Descent

Rmk. MLE is useful: It can be shown to converge to 6*.
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9.2.3 Maximum A Poseriori Estimator (MAP)
Bayesian Approach: 6* is considered a random variable.

Method Maximum A Posteriori Estimator

Finds Omap, which maximizes post. belief p(0 | D), ie. it
finds the 8 € © with the highest density after obataining D.

D. Maximum A Posteriori Estimator

Corresponding to ]f"x,y = ]P’gév”;f

Ouap = arg max p(0 | D)
0cO
Applying several transformations:

Omap = arg max p(6 | D)

= arg max p(P1]6) p

iid. arg max(H p(mi,yi \ 9)) 'P(Q)

0€O

(PN

Generative Model

= arg mlnz log(p(CCz,y@ | 9)) - log(p(ﬁ))

oo i

=arg mlni log<p(y1 | i, )) p(wi | ) —log(p(0))

bee i

n

n
=arg mlnz log (p(yI | z;,0 ) + Z log log(p(G))
v€0 31 i=1
Indep. from 6
=arg mlnz log(p(yl | z;, )) — log(p(e))

vee =1

Discriminative Model

Rmk. Intuitively, we can use p(f) as a weight for 6, which can be

used to introduce prior assumptions.

L. MAP without prior knowledge is MLE
Assume Py« = U(O)

Omap = arg max I_Ip(:z:z,y1 | 0) = arg max Hp xl,yb,ﬁ) = OuLe
0ee ;4 [4S{ T —

Since p(@) can thus be eliminated



9.3 Bayes Optimal Predictor

What can we do once we have P? We can estimate Py | x=z
and thus derive a decision rule f*(x).

D. Bayes’ Optimal Predictor
Best possible predictor when knowing Py x

f(x) = arg min E[l(a, WX = x} = ar%egin /p(y | z)-U(a,y) dy

acy

Rmk. In practice, Py | x is unknown, so I@’Y‘X is used.

This is the theoretically best possible predictor when knowing
Py|x, an optimal solution to supervised learning over all F":

f=arg mlnz ( )

fer 3

The conceptual difference between f and f* is that f min-
imizes the total loss on {z1,...,z,} over a func. class F,
while f* minimizes the expected loss for each x; seperately,
unconstrained by any F.

9.4 Probabilistic Perspective: Regression

How do we define a discriminative statistical model and use
MLE/MAP for regression tasks?

Problem: We want to find P?

Y|X
Assumption: Outputs y have additive noise €:

€ indep. of xz, f € F for some func. class

y = f(x;0") +e

D. Gaussian Noise ¢ ~ N (0,0?)

This is the most common choice of ¢

Rmk. Normally, o2 is assumed to be known. If 2 is unknown, we

optimize for § = (v, o) s.t. v are the parameters needed for f.

For Gaussian Noise, we can model ]P’g(ly like this:

Y | X:JJNN(f(l‘;Q),O'z)

p(y | a;0) = \/;7%10(—;2(% - f(:vi;9)>2)

9.4.1 Regression with MLE

Solution: Find fyg for ng"lf,

OmLe = arg min Z 10g(P(yz | @i; ))

vce

_argergm Zl 10g<\/7 p<_zi2(yi_f(zi§9)>2>>

2
argerg)m ;( 10g 27ra +—( f(:ci;b?)) )

Indep. from 6
2
x'L? )

MLE using data with i.i.d. Gaussian Noise & constant,
known o2 is equivalent to minimizing the square loss. If we
consider only linear f, this is equivalent to linear regression.

= arg min Z(

vco

Rmk. Defining y; = f(z:;0) + €; with ¢; ~ N(0,02) (Different o2

per ¢;) corresponds to weighted square loss: 2

Higher o3 means lower
weight.

Rmk. Similar equivalences can be found for other losses too, using

other distributions for e.

In general: the choice of likelihood function implicitly corre-
sponds to the choice of loss function. So: Losses can now
be chosen based on assumptions about the noise.
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9.4.2 Regression with MAP
Solution: Find Ouap for Pﬁyﬁ;
0* is now considered a random variable, so we need a prior.

N./V'(O,O'g -Id)

1 1
0)= ——exp( —— |0 2)
WO = g (55211

Now applying the definiton of the discriminative Omap:

D. Gaussian Prior 6*

Omap = arg mmZ( log( p(yi | ZEHG)) - 10%(?(9))>
= arger:)m Z(E 10g(27ro’2) + Tiz (yL — fzq, 9))2>

. 1
= arg min — (y; -
6co 12::1 202 \7"
n
= arg min (y', —

d
3 loa(rad) + 550’
Fi:0))” +—H9H

2

2 (e
Fas0) + o]

6

MLA using data with i.i.d. Gaussian Noise and Gaussian
. . . . . 2
prior on 0; is equialent to ly-regularized regression (A = %3)

6
with square loss. If f is linear, this is ridge regression.

o4

Rmk. X implicitly corresponding to a—z justifies the idea of A regulat-
b

2
ing model complexity. High A = 3—2 means the data is assumed to be
0

noisy, and vice versa.

D. Laplace Prior 6 ~ Laplace(0,b)

1 6]
26 P\
Omap = arg mmZ(* log( p(yi | @i, )) - 10g(p(9)))

=1
2 1
£@is)” + 1011

,argmmZ(%(
202
_argmmz<yz f(z4;0) ) +TH9H1

p(0;) =

3

0c©
beo =
MLA using the Laplcace prior instead is equivalent to ;-

. . 2 . .
regularized regression (A = 27-) with square loss. If f is

linear, this is LASSO regression.



9.4.3 Bayes Optimal Regression: Square Loss

Problem: What's an optimal decision rule for square loss?

f(x) = arg min E[l(a,Y) | X = x} st. I(f(z),y) = (f(z) —y)2

a€y

Solution: Minimize analytically for a:

%]E[l(a, V)| X = m]

:2(a272aE[Y\X:x]+E[Y2|X:x]>
da
=2a—2E[Y | X = 1]
L0 = a=E[Y | X =4
So we get:
ff(x)y=argminE|l(a,Y) | X =z| =E[Y | X = 1]
acy

Mean of Py | x —5

The Bayes opt. pred. for square loss is the conditional mean.
Intuitively, this makes sense since square loss penalizes larger deviations

more.

9.5 Probabilistic Perspective: Classification
There are 2 approaches:

1. Discriminative Modelling: Model Y | X only: Pxy

Explicitly model Px |y, modelling Px is optional

2. Generative Modelling: Model the joint distr. Px y
Explicitly model both Py |y and Py

Both can be used to model the joint distribution. Depending
on the proplem, one factorization may be more natural.
Pxy =Pyix -Px =Px)y - Py
W—/ W—/

discriminative generative

Rmk. Discriminative M. is good if only predicting y for x is required.

Rmk. Generative M. is good if new x for a given y are required.

9.5.1 Classification: Discriminative
We first need a distribution, then we can use MLE/MAP.
Problem: Modelling binary Classification: y € {+1, —1}

Assumption: Labels are generated via some f(-,0*) € F.

f is called discriminator.

Solution: We choose a logistic model, using o(2):
o(z) = !

Tremp ("5 (Logistic function)

Y| X =~ Ber(a(f(2:0)))

Using p(x) for Ber(p):
Note 1 — o(2) = o(—2)

o Jo(f(x30)), y=-+1
p(y|x’9)_{1—a(f(x;t9)) y=—1
=o(y- f(z;0))

1

1—exp(—y- f(z;0))

We receive the decision criterion:

y = arg max p(y | x;0)
ye{+1,—1}
Now we can apply MLE/MAP to find a good 6.
Rmk. X ~ Ber(p) is normally X € {0, 1}, but here: X € {+1,—1}

Rmk. Similar to how ¢ ~ A/(0,02) was noise in regression, here the
noisy outputs are simply {+1, —1}. ("Bernoulli Noise")

MLE corresponds to minimizing logistic loss:
n
OnvLe = arg min Z _IOg(yi | 131';9)
beo

= arg min Zlog(l +exp(—yi - fla; 9)))

beo

Logistic Loss
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MAP corresponds to lo-regularized regression with sq. loss.
Using a Gaussian prior: 6* ~ N(0, 05 -Ig)

Opap = arggergin ;(— log(p(y: | @i,0)) — log(p(e)))

= arg min log (1 + exp(—y; - f(zi;0)) ) + = log(2mo3) + — 10|
gmind_ (1 exp(—i - £(@ii0))) + 5 log(2ma) + 161

n
1
= in> log(1 —y; - fzi;0 =161
arggergm og( +exp(—yi - f(zs; )))+Ug 161|

i=1

Rmk. A Laplace prior corresponds to li-regularized log. regression

9.5.2 Classification: Generative
Problem: Estimate the joint distribution Px y
An advantage of thisis: Y | X can be estimated from Px y:

p(y, )

- ply,x) _
p(z) [, p(y, z) dy

ply|z)=

However, estimating Px y from Y | X is impossible.
We instead rely on:

ply | z) <p(y) -p(z |y)  (Bayes)

Method Gaussian Naive Bayes

This model is used:
c
PY =yl=p, st yeV={l....,cdA) p,=1
y=1

Assumption: Conditional independene.

i.e. every feature is independent, thus naive Bayes.

n

p(3317~-~,$n \ y) = Hp(fﬁi | y)

j=1
For each x; we use a Gaussian distribution:

X; | Y =y~N(uyj,05,)



L. MLE of the Gaussian Naive Bayes Model

n

5 — Y 52 1 0 .2
Py = n’ Py,j = TT Tijy, Oyj = — Li,j—Hy,j
y

. Ny .
VY=Y v VY=Y
Here n, is the frequency of label y in D

This yields the decision rule for Gaussian Naive Bayes:

¢ = arg max log(ﬁ(y | I))
Y

) + Zlog( (2 1))

Lem. . 1 - 1 - \?
=" arg max log(p(y)) -3 Z(IOgai,j + = (ﬂﬁj - Hy,j) >
y i Ty,j

j=1

Ba
= arg max log(

And the special case for binary classification:
SN P+l | x)
4 = sign (f(x)) = sign (log Sy

Method Linear Discriminant Analysis

Special Case: GNB with Vj < d : ail,j = o2

a ~1,j = 0j-
In this case f is a linear decision boundary.
g = sign (f(x)) = sign (wa + w0>

Where w, wq can be derived like this:

P+ I15—1 p(z; | +)/p(x)
p-T1j=, p(; | =) /p(=)

o )2
?71 lA exp (_ (=5 A‘i;rd) )
]’)\+ - 2770]2. 20']‘
:log1 — + log ( T
+ d —b—
| 53 OXP <_ J 7 j )

10 Gaussian Mixture Models

The unsupervised case: No labels given: D = {z;}7;.

Notation Z is used over Y as we assume the labels to be unknown.

(Unsupervised Learning)

D. Gaussian Mixture Model

N
e k
Parameters: 0 = (uj,Ej,wj)
=1
Assumption: z is convex comb. of Gaussian distributions.
i.e. a mixture of models

Plx | 0] =Plx | p, X, w] (Convex comb.)
k
= ZP[Z =j]-Plz | Z] (Gaussian)
j=1
k
= w Nz 1,%))
j=1
w; = P[Z = j] is the weight of class j, N (;, ;) its distr.

w; > 0, Z//':] w; =1

L. Negative Log-Likelihood (GMM)
n k

L(w12k7/’(‘l:kazl:k> = —ZlOg (Z wj N(xzv /’('jvzj)>
i=1 j=1

Rmk. This is NP-hard for unobserved labels.
SGD can be used, but EM is preferred.

L. Classification Rule (GMM)
9 & arg max ply | 2)
Yy

Bay.
= arg max p(y) - p(z | y)
Yy

1 1 _
MM arg max <log(w]~) + > log(det(ZWEj)) + i(w — ,uj)TEj Yo — ,uj)>

J
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10.1 Expectation Maximization

Problem: Fitting a GMM: unknown labels & missing data.

Solution: Iterative methods.

Intuitively: Impute labels using guessed 6, then update guessed 6.

Method Hard Expectation Maximization
Assign a fixed class to each label.

k
Initialisation: 6(©) = (u§-0),2§-0)7w§0))j:1
Iteration: ¢ > 1

e E-Step: Find D®) = {(xl,zy)), e (mn,zg))} via:

2 = arg max P[z | 2,60V
z

= arg max P[z | 9(“1)] Pl | 279(’5*1)]

e M-Step Compute éMLE as for Gauss. Bayes Classifier:

0®) = arg max P[D) | 6]
0

Method Soft Expectation Maximization
Find membership weights for each cluster.

0 _ ( ) 50 (()))j:1

Initialisation: 6(
Iteration: ¢t > 1
e E-Step: Find ny(t) (x;) forall i <n,j<k.

(/“(,1’,) are the cluster membership weights
t—1 t—1 t—1
w ™V Ny Y, 20Y)

0)
v (i) = = —
J Zl LW (t 1) N(l‘, ,Ul(t 1)>Zl(t 1))

e M-Step Update the model parameters (MLE):

no ()
1 Sy @) -
wf e 03w, ) e SES
S (@)
0 i @) (= )= )T
J
X @)




10.1.1 Convergence
EM does not generally guarantee global convergence.

Th. Continuous Improvement of EM
EM guarantees continuous improvement for {§(*)}°

log(P(X | H(H'l))) > 10g(P<X | e(t)))

Where P(X | ) is the log-likelihood.

Further, {log(P(X | 6®)))}° converges to a finite value

and {#M} ™ converges to a stationary point of the log-
likelihood.

10.2 Model Selection
Problem: How to choose k7

Rmk. Increasing k also increases the likelihood (in general), as in-
creasingly every point can be seen as a seperate cluster.

Solution: Quantitative criteria & domain knowledge.

BIC & AIC are used: Lower is better. Both metrics balance
model fit against complexity by penalizing large k.

D. Bayesian Information Criterion
BIC(k) = klog(n) — log(L)
D. Akaike Information Criterion
AIC(k) = k — log(L)
L is log-likelihood, n is number of datapoints
Method Model Selection
1. Find BIC & AIC for a range (e.g. 1 <k < 100)

2. Choose k with lowest metric

Rmk. Elbow Methow
Alternatively, plot some performance metric (e.g. neg. log-likelihood)
and find the inflection point indicating diminishing returns.

11 Language Modeling

Problem: How to build ChatGPT?

Assumption: Producing & Understanding language are strongly
related: If a model can predict how a text continues, it must
have understood something about language & meaning.

D. Language Model: A prob. distrib. over words/sentences
The model should assign high prob. to plausible texts:

P["1 like to eat pasta”] > P["l rocks like eat to”]

A simple model, exponential in m, would be:

P(Sentence) = P(X1 =x1,Xo=1m3,..., Xy = xm)
Length m 1st word 2nd word

Rmk. In practice, Tokens are used instead of words. Tokens are
" units of meaning” obtained from a sentence, e.g. seperating "don't”
into "do” and "n’t”, to improve processing.

11.1 Autoregressive models
Idea: Abuse the chain rule of probability.

P(Jfl,ﬂfg, s aan) = P(Z‘l)P(J)Q‘Z‘Q) e P(xm|$1a N ax’rn—l)
This lends itself very naturally to sentence generation:
a:le(Xl) .I‘QNP(X2|X1:JZ1)

Essentially: Sample a token (next word) from the cond. dis-
trib. (sentence so far) at each step. This avoids computing
the entire joint distribution.

Rmk. Model outputs are inputs for next prediction: Autoregressive.

Introduction to Machine Learning (2026), p. 277
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11.1.1 Neural Network Language Models

Instead of looking at all previous words, only the recent k:
This is called Context length

P(Xi=a| X141 =21:4-1)
~P(Xy =2 | Ximpit—1 = Te—k—1,0)
::Cat(z | softmax(f(xt_k:t_l,tﬁ))))

Optimization Problem:

meinL(G) =— zﬁ:log(P(Xt =2 | Xypi—1 = ftfk:t71a9)>

Negative Log-Likelihood

This is a form of Self-Supervision: No labels are needed.
In Datasets, the next word z; is the prediction target.

Thus: Any text can be used as a training set

11.1.2 Input Representation

Preparing inputs roughly follows this idea:

Tokens — Vector

Vectorization

Language —

Tokenization

D. Word Embedding Matrix W, e RV*?4 d <« N

N is the vocabulary size

Each token receives a position in d-dimensional space: Se-
mantically similar tokens are closer.

Rmk. One-Hot Encoding
Bad for many reasons: dimension o vocabulary size, dot product is
always zero (every input equally " dissimilar”)



11.2 Transformers & Attention

Problem: How to efficiently model sequences?

Rmk. Historically, Recurrent Neural Networks (RNNs) were used.
RNNS run sequentially: too slow for sequence modelling.

11.2.1 Single-Head Attention

The model weighs previous tokens relevant for the next one.

We,; is i-th row of W, wy, ; is the positional encoding.
Zi = We,i + Wp i

W,, Wy, W, are learnable parameter matrices.
Intuitively, the model should learn to produce queries & keys
with high scores for relevant token pairs.

q; = ZiWq k’l = ZiWk v = Zin
Query Key Value

D. Attention Score
Measures how relevant token j is for predicting token 4.

T C_
qik; 0 <i
L + m;,; mi; = J

Vdy

score; j o< exp C
—00 j>1

V/d}, is a scaling factor, my;,; is a mask to prevent scoring future tokens.
D. Token Update

n
z, = E score; jv; (Weighted sum of values)
Jj=1

QK'
en

Q,K,V € R"*% are queries, keys, values. M is the mask matrix.

7' = softmax( + M)V

Rmk. Unlike in RNNs, all tokens can be processed in parallel.

11.2.2 Multi-Head Attention

In practice, multiple attention "heads” are used to capture
different aspects of the input.
Each head r =1,..., h has its own WVW,I‘ WY matrices.

D. Multi-Head Attention Update
Use h heads in parallel. The concatenation collects all heads’ informa-
tion, and WO projects it back to the original dimension d.

K
Z. = softmax(L + M)Vr
Vi
MultiHead(Z) = Concat(Z}, ..., Z), YW?

For Q. = ZWE, K, = ZWEK vV, = ZWY

11.2.3 Transformer

To build a network from multi-head attention, the trans-
former block is used.

D. Transformer Block
A Transformer block consists of a Multi-Head Attention layer followed
by a Feed-Forward Neural Network layer. Each layer has residual con-

nections (@) and layer normalization.

®

Feed Forward

Layer Norm

®

Masked Multi
Self Attention
Text & Position Embed

Introduction to Machine Learning (2026), p. 285

Normalization & residual connections help prevent vanishing
gradients and stabilize training. Intuitively: only learn small
corrections instead of relearning the whole token.

11.2.4 Decoding
This is the process of generating text from the model.

At each step, all tokens (so far) are used as input, returning a
probability distribution over the vocabulary. The next token
is sampled from it.

Rmk. During training, the entire sequence is used for the foreward
pass (with causal masking). At inference, each token requires a new

foreward pass.

Method Greedy Decoding
At each step, choose the token with the highest probability.

T; = arg max P(Xt =z | X4 = xl:t—he)
x

Fast, but leads to repetitive text.

Method Beam Search
Keep track of the b most likely sequences at each step, then expand by
each by one token, keep the best b again.

Method Sampling
Sample the next token from the predicted distribution.

,f T1:t—1)z

P(Xt =z | X141 = $1;t—1) = softmax(Q
T T

T is the temperature parameter, controlling the sharpness of the dis-

tribution. 7 — 0 mimics greedy decoding, 7 — oo leads to uniform

sampling.
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