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1 Haskell

Haskell is a functional programming language. As such, its functions can be thought of as being similar to mathematical
functions and as such are side-effect-free.

Haskell's type system is very robust and an interesting topic to learn about. The basic data types you already know from
other programming languages are also present here. This includes all primitives like integers, floating point numbers,
chars and booleans.

Strings are handled similarly to how C does it, in that strings are char arrays.
Arrays however are dynamic length in Haskell as opposed to many other statically typed programming languages.

Since Haskell is an imperative language (i.e. you describe what you want achieve) as opposed to a declarative language
(i.e. you describe how you achieve what you want to achieve), there are no loops in Haskell, as loops don’t appear in
mathematical formulas and functions either. What we can do however is recursion and this is the main way of doing
iterative work in Haskell.

Additionally, Haskell features lazy evaluation (i.e. statements are evaluated only as needed) as opposed to eager evaluation
(i.e. statemetns are evaluated immediately).

In this course the Glasgow Haskell Compiler, short ghc is used. Installation is really easy (as long as you're on
Linux)

1.1 The bad news: The syntax

In short: It's quite bad, but you will get used to it and some of the (arguably) poor looking syntax choices will start to
make more sense.

You should use 2 space indents (yuck) and indents matter, just like in Python.
We can use binary functions in infix or prefix notation, i.e. x ‘mod‘ z and mod x z are equivalent.

For integers the following functions are available: Normal arithmetic operations +, -, *, /, mod, abs, as well as ~
which is used for exponentiation.

To use prefix notation on non-alphanumeric function names, wrap them in parenthesis like this: (+) x z. Using + x z
does not work.

We can use the normal comparison operators that return a boolean on evaluation. Booleans are True and False
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2 Induction Proofs

To prove recursive formulas, or more precisely formulated, a formula P (with free variable n) for all n € N, we have
can use weak or strong induction. Weak induction may be a slightly misleading term, because it isn't necessarily weaker
than strong induction.

This section has been moved to the very start of the theory part, even though many of the topics mentioned have not
been covered in the summary yet, such that all the induction proofs can be covered in the same place.

2.1 Mathematical Induction

To prove something of the form Vn € N.P (with n free in P), we can use one of these two schemes

2.1.1 Weak Mathematical Induction

If P is not defined yet (e.g. we just have a description of what we need to prove), give a full definition of P, which is
our induction hypothesis. Then state that we are proving Vn € N.P using weak mathematical induction.

Base case We show that P[n +— 0] holds.
Step case We proceed by stating the following: “Let m > 0 be arbitrary. We assume P[n +— m] holds, and we prove
P[n+— m+ 1]." Finally, do the actual proof. It is also possible to state P[n — m] simply as P(m)

The same, but expressed as a Natural Deduction rule:
'+ P(0) IP(n)F P(n+1)
L'+ Vn.P(n)

n not free in T’

2.1.2 Strong Mathematical Induction

If P is not yet defined, then define it. It is our induction hypothesis. Then state: “We prove Vk.P(k) by strong
(mathematical) induction. Let k be arbitary and let us assume P(j) for all j < k". Finally, do case distinction on the
different values k can take.

The same, but expressed as a Natural Deduction rule:
I, ¥vm < n.P(m) - P(n)
' Vn.P(n)

n not free in I, m not free in P(n)

2.2 Structural Induction

In this subsection, we present structural induction over lists. The same concept also applies similarly to trees and more.
Weak Structural Induction on treees is presented in the subsequent subsection.

For both, we only provide the natural deduction rules, as the proofs proceed analogously to the ones for mathematical
induction.
2.2.1 Weak Structural Induction

'+ P(0) I'P(xs)F P(x : xs)

where x, xs not free in I"
't Vxs.P(xs)

2.2.2 Strong Structural Induction
Definition 2.2.1 (Subterm relation) denoted [ is defined as follows:
Vas,ys.xs Cys < (Jrys =x :xs) V (Izs.xs C zs A zs C ys)

I',Vys C xs.P(ys) - P(xs)
I' - Vas.P(xs)

xs not free in T, ys not free in P(xs)

2.3 Induction on Trees
data T t = Leaf t | Nodel (T t) | Node2 t (T t) (T t)

Base Case Ty = {Leaf a|a €t}
Step Case T; =T; 1 U{Nodel s|s€T;_1}U{Node2 alr|a€tandl,reT;, 1}

A natural deduction rule structural induction is:
'+ Pz — Leaf aj T, Plx — s] F Plxs — Nodel s] T, Plx — 1], Plx — 7] F P[> Node2 a [ 7]

(*)
I'EVxeTtP

(*) a, I, r, s not free in T, P
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2.4 Other types of induction

2.4.1 Induction over Lists
To prove P for all s in [T], we do the following:

Base case We prove that P[zs +— []] is correct

Step case We prove that Vy :: T, ys :: [T].Plxs — ys] — Plxs — y : ys], or in other words: We fix arbitrary y :: T
and ys :: [T], which both are not free in P. We then apply our induction hypothesis P[zs — ys]| to prove Plxs — y : ys]
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3 Formal Reasoning

3.1 Formal proofs
Given a language like £ = {®,®, +, x }, and derivation rules

» o If +, then ® or displayed using graphical notation:
= 3:If 4, then x ia iﬁ
» v If ® and X, then & ® ® X
X
. 5 — 0
0: + holds S v n

Rules like § above are also commonly referred to as an axiom.

To prove & in this language, we can either write the following or draw a derivation tree:

= + holds by Or as derivation tree

= ® holds by « with 1. _ 5 _5
. + +

= X holds by 5 with 1. s ” B8

= @ holds by v with 2 and 3 7

3.2 Natural deduction

The rules from above here are used to construct derivations under assumptions, e.g. Aq,..., A, F A, which is read as
“A follows from Aq,..., A"

The derivations are always represented as derivation trees and a proof is a derivation whose root has no assumptions.

Since we have to prove a statement, we have to draw the derivation trees from the bottom up, with the goal of reaching
an axiom or a rule that is an assumption using the other rules of the rule set.

3.3 Propositional logic

3.3.1 Syntax

Definition 3.3.1 For a set of variables V, the language of propositional logic Lp is the smallest set where
s XelpifXeV = AVBeLpifAecLpand Be Lp
= L elp
» ANBeLpifAeLpand Be Lp = A>BeLlpifAeLpand Be Lp

3.3.2 Semantics

Definition 3.3.2| (Valuation) o : V — {True,False} maps variables to truth values. They are the simple models (i.e.
interpretations). Valuations is the set of valuations.

Definition 3.3.3 (Satisfiability) smallest relation = C Valuations x Lp such that

» 0= X if 0(X) = True » o=AVBifo=AorocEB

» o=FAANBifcl=Aando B » 0 A— B if whenever 0 = A theno B
Definition 3.3.4 (satisfiable formula) A formula A € Lp is satisfiable if o |= A for some valuation o
Definition 3.3.5| (tautology, valid formula) A formula A € Lp is valid (a tautology) if o |= A for all valuations o

Definition 3.3.6| (Semantic entailment) Ay,..., A, = Aif Vo we have o = A;,...,0 = A,, theno = A
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3.3.3 Requirements for a deductive system

The derivation rules (syntactic entailment) and truth tables (semantic entailment) should agree. For that we have two
requirements, for I' = Ay,..., A, a collection of formulas:

» Soundness: If I' - A can be derived, then T' = A
» Completeness: If T |= A, then T'F A can be derived

Decidability is also desirable, i.e. having checks of the attributes be of low complexity.
3.3.4 Natural deduction for propositional formulas

Definition 3.3.7| (Sequent) Is an assertion of form Ay,..., A, F A, with A, Ay,..., A, being propositional formulas.
Intuition: A follows from the A; and if the system is sound, the A; semantically entail A.

Definition 3.3.8| (Axiom) is the starting point (usually the leaves) of the derivation trees and are usually of the form

———— axiom
LA EA

i.e. when coming up with a derivation tree for a proof, we want to reach a leaf where A is contained in T
Definition 3.3.9| (Proof) of A is a derivation tree with root F A. If a deductive system is sound, then A is a tautology.

There are two kinds of rules, introduce and eliminate connectives. If you are confused about the order when applying
them when coming up with a deduction tree, they are oriented top-down, so e.g. the introduction rule is inverted when
coming up with the deduction tree.

If all rules are sound (i.e. they preserve semantic entailment), then the logic is sound.

3.3.5 Derivation rules for propositional logic

Remember that E means elimination and I means introduction, with L and R being the side (so ER means elimination
on the right)

3.3.56.1 Conjunction
r-A F}—BA_I F}—A/\B/\_EL 'HAAB

_— A-ER
'HAAB A '+B
3.3.5.2 Disjunction
A V-IL I'tB V-IR '-AvB LAEC RBI—C’V_E
I'HAvB '-AvB recC
3.3.5.3 Implication
IA-B N '-A— B FFA_)_E
'rA—> B 'kB
3.3.5.4 Others
'L I'--A4 I'-A F,_‘A}_J— - axiom
— — |-E —E 2 T RAA
F'_A I"_B F}—A ...,A,...l_A
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3.4 First-Order Logic
3.4.1 Syntax

Definition 3.4.1 (Signature) consists of a set of function symbols F and a set of predicate symbols P, as well as their
arities.

We write f* (or p*, for predicates) to indicate that it has arity k € N. Constant functions have arity 0, linear functions
have arity 1, thus, the arity of a given function (or predicate) is given by the number of parameters to uniquely describe
it, minus one.

Definition 3.4.2 (Term) is the terms of first-order logic and is the smallest set, where (with V again a set of variables)

1. xe Termifx €V
2. f™(t1,...,tn) € Termif f* € F and t; € Term, V1 < i < n (description of form of formulas)

Definition 3.4.3 (Form) is the formulas of first-order logic, is the smallest set where

1. L € Form

2. p"(t1,...,ty) € Formif p™ € P and t; € Term, V1 < j < n (description of form of predicates)
3. AoB € Formif A € Form, B € Form and o € {A,V,—} (i.e. formulas with logic symbols)

4. Qr.A€ Formif A€ Form, x €V and Q € {V, 3} (i.e. formulas with quantifiers)

3.4.1.1 Binding
Definition 3.4.4| (Bound variable) A variable that occurs in a quantifier in scope (blue in example below)

Definition 3.4.5| (Free variable) A variable that is not bound by a quantifier in scope (red in example below)
Example 3.4.6 (q(z) VvV 3z.Vy.p(f(z), z) A q(a)) VVr.r(z,z, g(x))

Definition 3.4.7| (a-conversion) A bound variable can be renamed at any time, but must preserve binding structure.

3.4.1.2 Precedences
- > A >V >—, with > a total order of precedences. Quantifiers extend as far right as possible, bounded by the end
of line or a going out of scope by closing parenthesis.

3.4.2 Semantics
Definition 3.4.8 (Structure) is a pair S = (Us, Is), where Ugs is the universe (non-empty set) and Is is a mapping:

1. Is(p™) is an m-ary relation on Us for p™ € P (short p®)

2. Is(f™) is an n-ary (total) function on Us for f™ € F short (fS)
Intuition: The I is essentially assigning to each predicate and formula its definition in the universe of the structure,
noted as a relation.

Definition 3.4.9 (Interpretation) is a pair Z = (S, v), with v : V — Us a valuation

Intuition: it assigns definitions to the formulas and predicates (through the structure), as well as values to the variables
(through the valuation).

Definition 3.4.10| (Value) of a term ¢ under Z is written as Z(t) and defined by Z(z) = v(z) for z € V and
I(f(tr, .. tn) = [3(Z(t1), .. I(tn))

Definition 3.4.11 (Satisfiability) =C Interpretations x Form is the smallest relation satisfying

(S,v) Ep(tr,... tn) if (Z(t1),...,Z(tn)) € p° where T = (S, v)
(S,v) EVz.A if (S,v[z— a]) E A, forall a € Us
(S,v) EIxr.A if (S,v[x— a]) = A, for some a € Ug

Definition 3.4.12| (Model) When (S,v) = A, then (S,v) is a model for A. If A does not have free variables, the
satisfaction does not depend on the valuation v and we write S = A

Definition 3.4.13 (Validity) When every interpretation is a model, we write = A, and we say that A is valid
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Definition 3.4.14 (Satisfiability) A is satisfiable, if there exists at least one model for A.

Example 3.4.15 Given Vz.p(z, s(z)), we a model would be

Us=N
p° = {(m,n) | m,n € Us and m < n}
5% = successor function on Us, i.e. s°(z) =z +1

3.4.2.1 Substitution

Definition 3.4.16/ (Substitution) Replace all occurrences of a free variable x with some term ¢ in A. To denote a
substitution, we write A[z — ¢]. Important All free variables in ¢t must still be free in Az — t]. If that would not be
true anymore, do a a-conversion first.

3.4.3 Quantifiers
3.4.3.1 Universal quantification
Additional rules are needed for the universal quantifier. * side condition is that x is not free in any assumption of "

A i I'-vz.A V-E

I'Fvz. A 'k Alz — ]

Again here be mindful not to capture free variables.

3.4.3.2 Existential quantification
Additional rules are needed for the existential quantifier. ** side condition is that z is neither free in B nor free in T

T+ Alz s f] T+ 3z.A T,AF B
TF3rA TH Az — 1

Again here be mindful not to capture free variables.

3.5 Equality
Since equality is such an important concept, it isn't just a predicate, but a separate First-Order Logic (FOL), called FOL
with equality .

The language is extended by t1 = to € Formif t;,to € Term, the semantic entailment |= is also extended by “Z = t; =t
if Z(t1) = Z(t2)". This definition is the exact intuition of equality of two terms, in that they are equal if their value
under the interpretation is equal.

Equality is an equivalence relation, so the following rules apply (ref = reflexivity, sym = symmetry, trans = transitivity):

_ vef I‘I—tzssym I'Ht=s I‘I—s:rsym
Frt=t 'kFs=t 'ks=r

Equality is also a congruence on terms and (definable) relations

Fl_t1251 e F}_tnzs’n/
congi
Tt tn) = F51, 2 50)
F}—tlzsl Fl_tn:Sn Fl_p(th?tn) cong
2
Fp(817~-~73n)
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3.6 Correctness

For many programs, termination is an important aspect when talking about correctness, as is, of course, that the return
value is “correct”.

3.6.1 Termination

Theorem 3.6.1 For a function f is defined in terms of other functions g1, ..., g, for all of which we have g; # f and
each g; terminates, then so does f.

Lemma 3.6.2 Sufficient condition for termination: The arguments are smaller along a well-founded order on the
function's domain

Definition 3.6.3| (Well-Founded Order) An order > on a set S is well-founded if and only if there is no infinite
decreasing chain x1 > xo > ... for x; € S An example of such an order is > on N, denoted >y. Counter example: >y
(not bounded from below)

Lemma 3.6.4 Let R C S xS be arelationon S. Let sg,5; € Sandi > 1. Then sy R’ s; ifandonly if s1,...5,_1 € S
such that S0 R SlR ... R Si—1 R Si

Definition 3.6.5 R =J,., R", where R" = RoR""! forn>2and R' =R

Theorem 3.6.6 If > is a well-founded order on S, then >7 is also well-founded on S

3.6.2 Correctness - Behaviour
We denote that two functions fac and fac2 compute the same function usually as

VYn € N.fac n = fac2 (n,1)

The two functions are given as follows:

fac :: Int -> Int 1 fac2 :: (Int, Int) -> Int
fac 0 = 1 2 fac2 (0, a) = a
facn =n * fac (n - 1) 3 fac2 (n, a) = fac2 (n - 1, n * a)

An important fact to consider is that testing, while useful to find errors can't replace a formal proof to show that a
function is correct!

These proofs are based on a simple idea: functions are equations and thus, we can reason about them through
equational reasoning, or more generally, proofs in first-order logic with equality.

Often, especially in Haskell programs, we have cases depending on values. Logically, to prove such a function, we also
use case distinction, also referred to as reasoning by cases.

Example 3.6.7 Consider the Haskell function below

maxi :: Int -> Int -> Int
maxi n m

| n > m =n

| otherwise = m

To prove that it is correct, we can use reasoning by cases:

We have n > mV —(n > m).

We then show that the function is correct for both cases (i.e. LHS and RHS of OR):
Cln>m: Thenmaxi nm=nandn>n
C2 —=(n >m): Then maxi n m =m. But m > n, so we have maxi nm >n

In this proof we used the TND and V-E (here also called Case Split) rules.

What we have to show, given @ V R for any proposition P with case split, is that (1) P follows from @ and (2) P
follows from R
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4 Typing
A great type system is essential for all programming languages, but especially so for functional programming languages.
The issue however is that the problem of deciding which expressions are good and which ones aren’t is undecidable.

Thus, languages only allow a subset of good expressions. The goal is to make the type system as unrestrictive as possible
while still retaining quick, static code analysis.

4.1 Mini-Haskell

This is a stripped down version of Haskell, used here to explore the type system Haskell uses

4.1.1 Syntax

Programs are terms, the core is the lambda-calculus, where V is the set of variables and Z the set of integers:

t=V | (/\It) | (tltg) | True | False | (iszero t) | Z | (tl —|—t2) | t1 xto | if to then t1 else to | (tl,tg) | (fSt t) | (snd t)

It is easily possible to add additonal syntax and types and we employ syntactic sugar, such as omitting parenthesis.

The types are given by 7 ::= Vp | Bool | Int | (7,7) | (T — 7), where Vr is a set of type variables. The type system is
based on typing judgement of form I - ¢ :: r, where I" is a set of bindings x; : 7; that maps variables to types and can
be understood as a typing symbol table.

4.1.2 Lambda calculus
To prove that types are correct, the lambda calculus comes in handy. The proofs are again structured as derivation trees.

4.1.2.1 Core rules for Lambda-Calculus
Tx:obtuarT 'tt1i0o—1 I'ktyo
Tz rFans /¥ Abs ! 27 App
el - 'k (Vzt):o—T T F (tite) =7

For rule Abs, we require that « ¢ T’
4.1.3 Further rules for mini-Haskell
4.1.3.1 Base types

— Int — True False
I'Fn:Int I' - True :: Bool I' - False :: Bool
4.1.3.2 Operations
Let op € {+,*}
? Ft: Int szero 'ty :: Int 'ty :: Int BinOp
I' F (iszero t) :: Bool 'k (¢1 op t2) :: Int
'ty :: Bool I'Htyor Fl_tQZZTif
T+ (if to then t; else t3) :: 7
4.1.3.3 Tuples
| R AR 'ty 't (m,m 't (m,
L7 2072 Tuple —( 1,72) fst —( L) snd
Tk (t1,t2) 2 (11,72) F'-(fstt)::m Lk (snd t) 7o

4.1.4 Type inference
Type inference in general fails, if two (or more) branches fail to resolve to unifiable types.

We start a type judgement with judgement - ¢ :: 7, then build a derivation tree bottom-up. Finally, apply constraints
/ unification to get possible types.

4.1.4.1 Self application

This means that you apply a function to itself. In Haskell, this is not typeable because there would need to be an infinite
function type, but all Haskell types are finite

4.1.4.2 Curry-Howard isomorphism

We can also apply the implication introduction and implication elimination rules:

IokT I'Fo—r I'to
—-l —-E

F'ko—r rer
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4.2 Natural Number Proofs

To prove Vn € N.P, we of course again use induction:
Base Case Show P[n — 0]
Step Case Let m € N be arbitrary and not free in P. We then assume that P[n — m] and show that P[n — m + 1]

Or the same as a natural deduction rule:
' P[n — 0] I, Pln— m]t+ Pln— m+ 1]
I'-VvneN.P

m not free in T, P

4.2.1 Induction over the natural numbers
In Haskell, we can also define all the natural numbers using

data Nat = Zero | Succ Nat deriving (Eq, Ord, Show)
Thus the natural numbers are (isomorphic to) the set

Nat = {Zero, Succ Zero,Succ (Succ Zero),...}

The data type provides two crucial rules for constructing members of Nat:

m Zero € Nat
= |f x € Nat, then Succx € Nat

The induction stated as a natural deduction rule:
'k Pln — Zero] T, Pl[n — m] F Pln — Succ m]

m not free in T, P
I'Vn € Nat.P

4.2.2 Lists
A possible data type for lists in Haskell is:
data L t = Nil | Cons t (L t)
A natural deduction rule for induction over lists is:
'+ Plzs +— Nil] T, Plxs — ys| F Plxs — Cons y ys]
I'-VaxseLtP

y, ys not free in I', P

4.2.3 Trees
A possible data type for trees in Haskell is:

data Tree t = Leaf | Node t (Tree t) (Tree t)
A natural deduction rule for induction over trees is:
'k Pz — Leaf] I, Plx — ] - Plzs — Node a [ 7]

a, I, r not free in I', P
I'FVz € Tree t.P
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4.3 Interpreters

Interpreters are prevalent in programming languages, database systems, text processors, HDLs, search engines, etc.
They are in concept very simple, as they perform three steps read, evaluate, print.

The implementation of one however is not trivial by any stretch of the imagination.

4.3.1 Read step
During this step, text is turned from text into a more easily handlable format

4.3.1.1 Lexical Analysis
During lexical analysis, the input is turned into tokens. For example: The source code is position := initial +
rate + 60

The translation is:

1. ldentifier position 5. Identifier rate
2. Assignment symbol :=
, 6. Addition symbol +
3. Identifier initial

4. Addition symbol + 7. Number 60

It also removes whitespaces and comments
4.3.1.2 Parsing
The tokens are then turned into an abstract syntax tree.

The syntax is specified by a grammar such as:

Expr ::= Identifier | Number | Expr ‘+¢ Expr

[

Assign ::= Identifier ¢ :=¢ Expr

This can also be represented as a haskell type:

data Expr = Identifier Ident | Number Num | Plus Expr Expr
data Assign = Assignment Ident Expr

type Ident = String

type Num = Int

Since some to be parsed statements are more complex to parse, we may do combinatory parsing.
This is much more powerful as it can handle ambiguous grammars typically found in real programming languages.

We can use for example these parser combinators:
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{-# OPTIONS_GHC -Wno-unrecognised-pragmas #-}

{-# HLINT ignore "Use lambda-case" #-}
{-# HLINT ignore "Use newtype instead of data" #-}

import Prelude hiding (return, (>>), (>>=))
data Parser a = Prs (String -> [(a, String)])

-- Main parser function
parse :: Parser a -> String -> [(a, String)]
parse (Prs p) = p

-- Trivial failure ([] signifies parse failed)
failure :: Parser a
failure = Prs (const [])

-- Trivial success without progress
return :: a -> Parser a
return x = Prs (\inp -> [(x, inp)])

-- Trivial success with progress
item :: Parser Char
item =
Prs
( \inp -> case inp of
> ]

(x @ xs) > [(x, x8)]

-- Apply both parsers
(I'l'l) :: Parser a -> Parser a -> Parser a
p Ill g =Prs (\s -> parse p s ++ parse q s)

-- If first parser fails, apply second parser
(+++) :: Parser a -> Parser a -> Parser a
p +++ q =
Prs
( \s -> case parse p s of
[1 -> parse q s
res -> res

-- Sequencing (first parser p, then parser g)
(>>=) :: Parser a -> (a -> Parser b) -> Parser b

p >>=g =Prs (\s -> [(u, s'') | (t, 8') <~ parse p s, (u, s'') <- parse (g t) s'])

-- Simple version of the above
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(>>) :: Parser a -> Parser b -> Parser b
p > q = p >>= const q

-— Parse single character with property p
sat :: (Char -> Bool) -> Parser Char
sat p = item >>= \x -> if p x then return x else failure

char :: Char -> Parser Char
char x = sat (== x)

string :: String -> Parser String
string "" = return ""

string (x : xs) = char x >> string xs >> return (x : xs)

-— 0 or more repetitions of p
many :: Parser a -> Parser [a]
many p = manyl p ||| return []

-— 1 or more repetitions of p
manyl :: Parser a -> Parser [a]
manyl p = p >>= \t -> many p >>= \ts -> return (t : ts)

These are just some of the functions defined. You can find a full mini-haskell and lambda-calculus parser on CodeExpert

(at the time of writing this that was the case at least)
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4.4 Evaluation
Evaluation is then done using tree traversal as we have already seen in the Haskell section

4.4.1 Lazy Evaluation

Expressions are substituted before evaluation recursively until there are no more expressions to substitute, at which point
the expression is evaluated.

This can obviously lead to duplicated evaluation, i.e. a computation reoccurring.

4.4.1.1 In Haskell
In Haskell, this is solved using sharing where the terms are represented in a directed graph.

In pattern matching, the arguments are evaluated only as much as is needed to determine a pattern match.

For guards, the execution proceeds sequentially until success occurs. For instance in an OR statement, only the first
statement is evaluated if it evaluates to true

Local definitions are also lazily evaluated (i.e. bound with where clauses)

4.4.1.2 Applications

This concept can be used for data-driven programming. For instance, to determine the minimum value of a list, we
could use insertion sort and take the head. Due to lazy evaluation, we have way fewer evaluations that need to happen.

Additionally for infinite lists or other infinite data structures, lazy evaluation allows creating a finite representation for
the infinite data. It also allows operating on the infinite data given the operation only operates on a finite subset of the
data structure.

An application of that is the prime number algorithm Sieve of Eratosthenes:

1. Generate list: [2 ..]1 (list of all natural numbers)

2. Mark the first unmarked number: head :: [a] -> a from prelude determines first element
3. Cross out all multiples: dropMults x ys = filter (\y -> y "mod™ x /= 0) ys
4

. Repeat with recursions: sieve xs = head xs : sieve (dropMults (head xs) (tail xs))

Another example is Newton's Algorithm to find roots.

4.4.1.3 Correctness
Lazy evaluation makes reasoning about complexity and correctness harder, as types like [Int] include

1. finite, everywhere defined lists (e.g. [1, 3, 5])
2. finite lists with undefined elements like [1, 2, undef]

3. infinite lists with defined or undefined elements such as [1..]

However, induction is only sound for the first kind. More on this later on
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5 Language Semantics

5.1 IMP Language

5.1.1 The syntax
The allowed characters:

Letter = 'A'" | . . . | '2" | 'a" | . . . | 'z
Digit = '0" | '1' | '2" | '3" | '4' | '5* | '6' | '7T* | '8

And the allowed tokens:

Ident = Letter { Letter | Digit 1}*
Numeral = Digit | Numeral Digit
Var = Ident

Arithmetic and Boolean statements could be defined in Haskell as follows

data Aexp = Bin Op Aexp Aexp | Var String | Num Integer
data Op = Add | Sub | Mul

data Bexp = Or Bexp Bexp | And Bexp Bexp | Not Bexp | Rel Rop Aexp Aexp

data Rop = Eq | Neq | Le | Leq | Ge | Geq

with the abbreviations for Eq (=), Neq (#), Le (<), Leq (<), Ge (>) and Geq (>)

Statements could be defined in Haskell as follows

data Stm = Skip | Assign String Aexp | Seq Stm Stm | If Bexp Stm Stm | While Bexp Stm

We use the following naming conventions for meta-variables:

Variable Type

n for numerals (Numeral)
T,Y, 2 for variables (Var)

e e’ e1,eo for arithmetic expressions (Aexp)
b, by, by for boolean expressions (Bexp)

8,8, 81,82 for Statements (Stm)

Meta-variables stand for arbitrary program variables, whereas program variables are concrete variables in a program.

To denote syntactic equality of two variables or statements, we use =

July 12, 2026

18 / 39



Formal Methods & Functional Programming Janis Hutz

5.1.2 The semantics
5.1.2.1 Numerals
The semantic function NV : Numeral — Val maps a numeral n to an integer value N[n], with z € {0,...,9}:

Nz] ==z Nnz] = N[n] -10+ z

5.1.2.2 States
A state assigns a value to each program variable. It is a total function and is typically denoted by the meta-variable o

o :Var — Val

To update states, we use the notation o[y — v], which is given by

v fr=y
oly — v])(z) =
(oly = o) (@) {g(@ o
Two states o1, 09 are equal if they are equal as functions: o1 = 09 < Va.(01(z) = 02(z))
5.1.2.3 Arithmetic Expressions
A : Aexp — State — Val maps an arithmetic expression e and a state o to a value Afe]o, given by:

Alz]o = o(x)
Aln]o = Nn]
Aley op es]o = Afer]o op Afez]o

For op € Op, op is the corresponding operation Val x Val — Val
5.1.2.4 Boolean Expressions
B : Bexp — State — Bool maps boolean expression b and a state o to a truth value B[b]o, given by:

tt  if Afei]o op Afez]o
ff otherwise

Bley op es]o = {

Thus, for the op or, we would have (analogous for and)

tt  if A[bi]o =tt or Afbe]o = tt
ff otherwise

B[by or bo]o = {

not is defined as follows:
tt  if AfbJo = 1£f
ff otherwise

B[not bJo = {

5.1.3 Properties of expression semantics
Since we have recursive definitions for the semantics and syntax, we can use structural induction.

For the data structure Nat, given by
data Nat = Zero | Succ Nat
the structural induction derivation rule is given by

'+ P(Zero) T, P(m) F P(Succ m)
'k Vn € Nat.P(n)

m not free in "

Where we now write P(m) instead of P[n — m] and the second premise needs to be proven for all m

5.1.3.1 Inductive Definitions
If we are to introduce a new arithmetic expression —e, we could do this in two ways. For one, we could define
A[—e]o =0 — Afe]o. This is an inductive definition because e is a subterm of —e.

If on the other hand we define A[—e]o = A[0 — e]o, it is not an inductive definition because 0 — e is not a subterm of
—€
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5.1.3.2 Free Variables
For Arithmetic Expressions

FV(ei op eg) = FV(e1) U FV(eq)

FV(n)=o
Vi(z) ={z}
For Boolean Expressions
FV( 10pbs) =FV(b1) UFV(b2)
FV(not b) = FV(b)
FV (b1 or bg) = FV(b1) U FV(ba)

And finally for Statements:
FV(skip)

FV(z:=e)

FV(s1;82)
)

) =

{:z:} U FV(s2)

FV (Sl) U FV(SQ)

FV( ) @] FV(Sl) @] FV(SQ)
FV(b) U FV(s)

FV(if b then s; else sy end
FV(while b do s end

5.1.3.3 Substitution

We have already seen this kind of expression in the states, with this explanation it should make a lot more sense intuitively.
A substitution f[x — €] replaces each free occurrence of variable z in f by e, where f is any expression.
Detailed rules for arithmetic expressions (for the last, if variable y is z, it is replaced, otherwise not):

(e1 op e2)[x — €] = (e1[x +— €] op exz > €])
nlz—el=n

if x =
y[%e}z{e e
y otherwise

The same for boolean expressions:

(e1 op ea)[x — €] = (e1[x — €] op eaz — €])
(not b)
)
)

(b1 or bo)lr —e] = (bl[l‘i—> 6] or bQ[iL’H 6])

[ ]
[z — €] =not (blz — €])
[ ]
[ ]

(b1 and bo)[z — €] = (bi[x — €] and ba[x +— ¢€])

Substitution Lemma

Bb[z — e]] & B[b](c[z — Ale]o])
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5.2 Operational Semantics

Big-step semantics describe how the overall results of the execution are obtained and use Natural semantics rules.
Small-step semantics describe how the individual steps of the computations take place and use Structural Operational
Semantics (SOS)

5.2.1 Big-Step Semantics

5.2.1.1 Transition Systems

Definition 5.2.1| (Transition System) is a tuple (I, T, —), where T is a set of configurations, T is a set of terminal
configurations, with T'C I" and — is a transition relation, with — C I" x I, which describes how executions take place.
Big-step transitions are of form (s,o) — ¢/, e.g. (skip,0) = o

* optional side-condition, ; and 1 transitions)

The transition relations are specified as rules of the form (
Y1 e Pn
(8

or spelled out, “If w1, ..., @, are transitions (and the side-condition is true), then v is a transition”.

(Name)*

Herein, ©1, ..., @, are called premises of the rule and 1 is the conclusion. A rule without premises is an axiom rule.

5.2.1.2 Big-Step Semantics of IMP
- SKIPng Assys
(skip,0) > o (x :=e,0) = oz — Ale]o]

Sequential Composition s;s’ (s is executed in state o, then s’ in resulting o', resulting in ')

(s,0) = o’ (s',0"y = o

SEQNs

(s;8',0) = d”

Conditional Statements if b then s else s’ end (If b holds, execute s, otherwise execute s’)

(s,0) = o’ _— (s,0) = o’ -
Flns FE'Ns
(if b then s else s’ end, o) — o’

(if b then s else s’ end, o) — o’

Where the first rule applies if B[b]o = tt
Loop statements while b do s end (If b holds, execute s once, whole statement executed in resulting state o)

(s,0) = o’ (while bdo s end,o’) — o”

WHT ys if B[b]o = tt
(while bdo s end,o) — o” N o]
If b does not hold, the while statement does not modify the state

WaF .
(while bdo s end,0) — o Vs if B[b]o = ££

5.2.1.3 Rule Schemes and Instantiations
Each inference rule is actually a rule scheme, where the meta-variables are placeholders for statements, states, etc. Each

rule scheme describes infinitely many rule instances.
A rule is instantiated when all meta-variables are replaced with syntactic elements. Assignment rule scheme vs. instance:

ASsyg Assys
(z :=e,0) = o[z — Ale]o] (v:i=v41,0%e0) = olv— AJv + 1]02er0)

The rule instances can be combined to derive a transition (s,0) — ¢’ and we get a derivation tree.
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5.2.1.4 Termination

Termination

Definition 5.2.2

The execution of a statement s in a state o

» terminates successfully if and only if there exists a state o’ such that - (s,0) — o

/

» fails to terminate if and only if there is no state o’ such that F (s, o) — o’

5.2.1.5 Semantic equivalence

Definition 5.2.3 Two statements s; and sy are semantically equivalent, denoted s; ~ s, if and only if

Vo,0'.(F (s1,0) = 0’ <= (s2,0) = o')

5.2.1.6 Unfolding loops

In languages like C (and by extension C++) and Java, unfolding a loop leads to non-equivalent code:

int i = 0; 1 int i = 0;
while (1 <2 ) { 2 while (i <2 ) {
s if (i==0){
4 if (1 == 0 ) break;
while (i < 1) 5 while (i < 1)
if (i == 0 ) break; 6 if (1 == 0 ) break;
7 }
i++; 8 i++;
} o
printf( "i = %d", i ); 1 printf( "i = %d", i );
Prints i = 2 Prints i = 0

In IMP however, this kind of action leads to equivalence:

Vb, s.(while b do s end ~ if b then s; while b do s end end)

So what we have to prove is this:

Vb, s,0,0’.(- (while b do s end,o) < (if b then s; while b do s end end,o) — o)

A proof idea is to show equivalence by proving the implication in both directions. For each of them, we show that there
is a derivation tree.

Proof available in the lecture slides for Formal Methods, Slides 78 - 80 (Slide Deck 3, pages 23 - 25)

5.2.1.7 Deterministic Semantics
Lemma 5.2.4 The big-step semantics of IMP is deterministic

Proof We need to show Vs,co,0’,0".(F (s,0) = 0'AF (s,0) = 0" = o' =0")
The full proof for this is available on the slides for Formal Methods, pages 82 - 91 (Slide Deck 3, pages 27 - 40)

In there, Induction on Derivation Trees is used. Similar like other induction proofs, we show that a property P(T)
holds for all derivation trees T', we prove that P(T") holds for an arbitrary derivation tree T' under the assumption (the
induction hypothesis) that P(7”) holds for all sub-trees T" of T

This kind of induction is a special case of well-founded (Noetherian) induction. We define T ©— T (with 1,7’
derivation trees) to mean that 7" is a proper sub-tree of T'. C is a well-founded ordering, because derivation trees are
finite and we call T" a sub-derivation of T if T' = T. Typically, case distinction is used on the rule applied at the root of
T because that provides more information about the structure of the derivation, such as telling us about sub-derivation
to which the induction hypothesis applies.

July 12, 2026 22 /39



Formal Methods & Functional Programming Janis Hutz

5.2.1.8 Extensions of IMP
5.2.1.8.1 Local Variable Declarations

A statement var x := e in s end declares a local variable that is visible in the sub-statement of the declaration, s.

Here, the Expression e is evaluated in the initial state, then s is executed in a state in which z has the value of e and
after the execution, the original value of x is restored.

The corresponding Big-step semantics rule is:

(s,olx — Ale]o]) = o’

Locys
(var x := e in s end,o) — o[z — o(x)]
5.2.1.8.2 Procedure Declaration and Calls
procedure p(x1,...,Tn;Y1,---,Ym) begin s end

Here, the x; are the value parameters and the y; are the variable parameters. The latter can be used to assign values
back to the procedure caller (return values).

In a procedure declaration the formal parameter names z; and y; must be pairwise distinct and the only free variables
in s.

For the procedure call p(eq,...,e,;21,. .., 2m), the actual variable parameters must be pairwise distinct.

The corresponding Big-step semantics rule is:

(5, 02er0| Ti = Alei]o][y; — o(z))]) = o’
CALLNS
(p(eis zj),0) = olz = o'(y;)]
where the notation a[:?i\ — ﬁ] is an abbreviation of o[z — v1]... [z, — V]

5.2.1.8.3 Non-determinism
For a statement s[]¢’, either s or s’ is non-deterministically chosen to be executed.

Example 5.2.5 In the statement x := 1 [] (x := 2; x := x + 2), we either get © = 1 or x = 4 (either the
statement on the left or right of the box is evaluated)
The corresponding rules are:
(s,0) = o’ (s',0) = o’

———— NDlyg — ND2ysg

(s[]s,0) =o' (s[]s,0) =o'
An important note on non-terminating branches, we will not “see” them, because big-step semantics can't encompass
that concept.
5.2.1.8.4 Parallelism
In a statement s par s’, both s and s’ are executed, but their execution can be interleaved.
Example 5.2.6 x := 1 par (x := 2; x := x + 2) could result in:

» 4: first x:=1, then x:=2 and finally x:=x+2 » 3: first x:=2, then x:=1 and finally x:=x+2

n 1: first x:=2, then x:=x+2 and finally x:=1

In Big-step semantics however, there are no rules for this, because it can only define atomic steps.
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5.2.2 Small-Step semantics
5.2.2.1 Structural Operational Semantics (SOS)

Expressing each individual steps of execution allows one to express the order of execution of these steps, thus allowing
us to describe properties of non-terminating programs and parallelization.

v is used as the meta-variable for terminal and non-terminal configurations. For the transitions, we denote the relation
—1, which can have two forms:

» (s,0) =1 (s/,0’) is for any non-complete computation, where the next computation is expressed by the interme-
diate configuration (s’,c")

» (s,0) —1 o’ is the final execution that reaches a terminal state.
Finally, a transition (s,o0) —1 = describes the first step of the execution of s in state o.
A non-terminal configuration (s, o) is stuck, if there does not exist a configuration ~y such that (s,o) —1 7.

5.2.2.1.1 The rules

- SKIPgog ASSsos
(skip,0) =1 0 x:=e,0) —1 oz — Afe]o]

Sequential Composition s;s’ (s is executed in state o, then s’ in resulting o’, resulting in ¢”). Then, either s
executes completely in one step (SEQ1), or does not (SEQ2).
(s,0) =1 0’ (s',0") =1 (s”,0)

SEQlsos SEQ250s
(s;8',0) =1 (s',07) (s;8',0) =1 (s";8,0")

Conditional Statements if b then s else s’ end (If b holds, execute s, otherwise execute s’)

IFTsos IFrFsos
(if b then s else s’ end, o) —1 (', 0”) (if b then s else s’ end,0) —1 (s, 0’

Where the first rule applies if B[bJo = tt. Below a further two rules for the true case:

s,0) —1 o s,0) —1 (s, o
< > ! IFT1s0s < > ! < > IFT250s

(if b then s else s’ end, o) —1 o’ (if b then s else s’ end, o) —1 (", 0")

Loop statements while b do s end (If b holds, execute s once, whole statement executed in resulting state o)

WHILEsos

(while bdo s end,o) —; (if b then s; while b do s end else skip end,o)

5.2.2.2 Multi-Step Execution
We use the definitions we have to define a k-step execution, denoted v —% ~'. Of course, this means intuitively that
there is an execution of exactly k steps from 7 to /.
We define the relation inductively over k:
= v =94 if and only if v =+
= v —% 4/ if and only if there exists 7 such that both -~ —; and 7" —%~1 /

Resulting from this, v —%17%2 4/ if and only if 39"y =51 47 A A7 k2

We write v —7 7/ to signify that there is an execution from 7 to 4 in some finite number of steps, or more formally:
Jk.y =k 4

5.2.2.3 Derivation Sequences

Definition 5.2.7 A derivation sequence is a non-empty sequence of configurations 7o, . . ., for which v; —1 7,41 for
each 0 <4, such that 7 4+ 1 is in the range of the sequence. If the sequence is finite, then the last configuration in the
sequence is either a terminal or stuck configuration.

The length of the derivation sequence is the number of transitions (thus number of states minus onel!)

July 12, 2026 24 / 39



Formal Methods & Functional Programming Janis Hutz

5.2.2.4 Termination
Theorem 5.2.8 The execution of a statement s in a state o

= terminates if and only if there is a finite derivation sequence starting with (s, o)

» runs forever if and only if there is an infinite derivation sequence starting with (s, o)

Theorem 5.2.9 The execution of statement s in state o terminates successfully, if and only if 30’.(s,0) =7 o’

Of note is that these are properties of configurations and not just statements.
5.2.2.5 Proving properties of Derivation Sequences

For reasoning about finite derivation sequences, we commonly reason about a multi-step execution v —% 4/ by strong
induction on the number of steps k, where we define P(k) = “for all executions of length k, our property holds” and
we prove P(k) for arbitrary k with the induction hypothesis Yk’ < k.P (k") holds

After the setup, it often proceeds by case distinction on the 0 step and the other steps
5.2.2.6 Semantic Equivalence and Determinism

Definition 5.2.100 Under the small-step semantics, two statements s; and sy are semantically equivalent if for all
states o both:

= for all stuck or terminal configurations v we have (s1,0) —% v if and only if (s2,0) —7% ~, and
= there is and infinite derivation sequence starting in (s1, o) if and only if there is one starting in (s2,0)
Lemma 5.2.11 The small-step semantics of IMP is deterministic. That is:

Vs,0,7,7 . F (s,0) =1 YA F (5,7) =17 = v=+

Corollary 5.2.12 There is exactly one derivation sequence starting in configuration (s, o)

5.2.2.7 Extensions of IMP
5.2.2.7.1 Local Variable Declarations

As already partially established in Section 5.2.1.8.1, the steps to define a local variable are (for var x:=e in s end):

1. Assign e to x 2. Execute s (possibly many steps) 3. Restore the initial value of x

Since we need to somehow inject he restore instruction into the statements s, we extend the Stm category with a restore
statement, defined as restore (Var, Val).

With that, we can define the rules:

Locsos
(var x:= e in s end,o) —1 (s;restore (z,0(x)),clr — Ale]o])
RETSOS
(restore (z,0(x)),0) =1 oz — ]
Of course, we could also just model execution stacks, as most languages do.
5.2.2.7.2 Non-determinism
The rules here are analogous to the ones from the big-step rules
ND1gsos ND2sos
(s[1s',0) =1 (s,0) (s[]s',0) =1 (s,0")
5.2.2.7.3 Parallelism
— s,0) =1 0
< > ! < > PAR1lsos < > ! PAR2g0s
(s par §',0) =1 (s" par ¢, 0') (s par §',0) =1 (s',0)
—1 (s, 0 s'o) =1 0
< > ! < > PAR3sos < > ! PAR4gsos
(s par s§',0) —1 (s par s”,0) (s par §',0) —1 (s,0’

July 12, 2026 25 /39



Formal Methods & Functional Programming Janis Hutz

5.2.3 Equivalence

Equivalence Theorem Theorem 5.2.13

For every statement s of IMP, we have

F(s,0) = o' & (s,0) =] 0’

If the execution of s from some state terminates successfully in one of the semantics, than so will it in the other. The execution fails to terminate in

the big-step semantics if and only if it either gets stuck, or runs forever in the small-step semantics

\_ J

Lemma 5.2.14 (Equivalence Lemma 1) For every statement s of IMP and states o and ¢’ we have:
F{s,0) =0 = (s,0) =] o

If the execution of s from o terminates successfully in the big-step semantics, so will it in the small-step semantics (in the same state, too!)

Lemma 5.2.15 (Equivalence Lemma 2) For every statement s of IMP and states o and ¢’ and k € N, we have:
(5,0) =V o' =+ (s,0) = o

If the execution of s from o terminates successfully in the small-step semantics, so will it in the big-step semantics (in the same state, too!)
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5.2.4 Operational Semantics Rules Overview
5.2.4.1 Big-Step Semantics
— SKIPys Assns
(skip,0) = o (x :=e,0) = oz — Ale]o]
(s,0) = o’ (s',0"y = o”
SEQNs
(s;8',0) = d”
(s,0) = o’ (s,0) = o’
IFT g IFF ng
(if b then s else s’ end, o) — o’ (if b then s else s’ end, o) — o’
(s,0) = o’ (while bdo s end,o’) = o WHE
WHT yg B NS
(while bdo s end, o) — o’ {while bdo s end, o) — o
if B[bJo = tt if B[b]o = £f
Assys Assns
(x:=e,0) = o[z — Ale]o] (v =0+ 1,0%er0) = oV = AJv + 1]07er0]
5.2.4.2 Small-Step Semantics
- SKIPsos ASssos
(skip,0) =1 0 x:=-e,0) =1 oz — Afe]o]
(s,0) =1 0’ (s',0") =1 (s, 0")
- - SEQlsos - —— SEQ250s
(s;8',0) =1 (8,0 (s;8',0) =1 (s";8,0")
IFTSOS IFFSOS
(if b then s else s’ end, o) —1 (', 0) (if b then s else s’ end, o) —1 (s, 0’)
s,0) —1 o s,0) =1 (s, 0’
< > ! IFT150s < > ! < > IFT2505
(if b then s else s’ end, o) —1 o’ (if b then s else s’ end, o) —1 (s"/,0')
WHILEsos
(while bdo s end,o) —; (if b then s; while b do s end else skip end, o)
5.2.4.3 Extensions
5.2.4.3.1 Big-Step Semantics
s,olr — Ale]o]) — o s, Ogero| T — Ales]ol[y; = o(z;)]) — o
{0l Alelo) o ooy ot Al o Gl 2
(var x := e in s end,o) — o[z — o(x)] (e %),0) — o[z = o ()]
(s,0) = o’ (s',0) = o
NDlNS ND2NS

(s[J¢',0) = o
5.2.4.3.2 Small-Step Semantics

(s[]¢,0) = o

Locsos
var x:= e in s end,o) —1 (s;restore (z,0(x)),0|r — Ale|o
A
RETso0s
(restore (z,0(x)),0) =1 oz — ]
(sts',o) =1 (s,0) (sts' o) =1 (s,0")
s,0) — s,0) =1 0
< > ! < > PAR1gos < > ! PAR2g0s
(s par §',0) =1 (s” par §,0') (s par §',0) —1 (s',0)
—1 (s, o s’ o) =10
< > ! < > PAR3s0s < > ! PAR4 505
(s par §',0) —1 (s par §”,0’ (s par §',0) —1 (s,0’
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5.3 Axiomatic Semantics
5.3.1 Program Correctness

Definition 5.3.1| (Partial Correctness) if a program terminates then there will be a certain relationship between the
initial and final state

Definition 5.3.2| (Total Correctness) Program terminates and is partially correct, i.e.
total correctness = partial correctness + termination

Definition 5.3.3 (Formal Specification) is used to expressed the aforementioned relationship between the initial and
final state. It does not include guarantees for termination and can thus only be used to provide a starting point for a
prove of partial correctness.

We typically express Formal Specifications using Small- or Big-Step semantics.

Example 5.3.4 Consider the factorial statement

y = 1;

while not x = 1 do
y =y *x
x :=x -1

end

The specification that we want to prove is here given by “The final value of y is the factorial of the initial value x". Do
note that this statement is only partially correct, as it does not terminate for z < 1.

We can express the specification formally as follows using big-step semantics:
Vo,0'. - (y:=1;while not x = 1 doy :=y * x; x :=x - 1 end,0) >0 = o'(y)=0(x)!Ac(x) >0

Since these kinds of proofs take a lot of effort and get very complicated rather quickly, axiomatic semantics provide a
nice and fast way of proving correctness, because we can focus on the essential properties.
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5.3.2 Hoare Logic

5.3.2.1 Hoare Triples

Definition 5.3.5| Properties are specified as Hoare Triples { P} s {Q}, with statement s, P the precondition and Q
the postcondition. Here, P, Q are assertions and are, together with R, meta-variables over assertions.

Definition 5.3.6/ (Logical Variables) To keep the original value of a variable, we can “reassign” values in the precondition
(e.g. ® = N to then in the postcondition state something regarding V).

Pre- and Postconditions are assertions, i.e. they are boolean expressions plus logical variables. Often, quantification is
used in assertions as well in practice, as well as other expressions such as x! when it is convenient and we also assume
that the substitution lemma still holds:

B[P[z — €]]o = B[P]o[z — Ale]o]

We use P; A Ps instead of P; and P, P; V P, instead of P; or P, and —P instead of not P

5.3.2.2 Derivation Systems

We again use derivation trees, where their rules specify which triples can be derived for each statement. The premises
and conclusions of the derivation rules are Hoare Triples.

Again, we write - {P} s {Q} if there exists a (finite) derivation tree ending in {P} s {Q}, and
F{P} s {Q} & IT.root(T) = {P} s {Q}

5.3.2.2.1 The rules

- SKIP4s ASS 4y
{P} skip {P} {P[z €]} x := e {P}

Sequential Composition s;s’, loop (while b do s end) and conditional statements (if b then sl else s2 end)

{P} s {Q} {Q} 5" {R} Sk {bAP} s {Q} {-bA P} s {Q}
Qaz IFAI
{P} s;s’ {P} {P} if b then s else s’ end {Q}
{bA P} s {P}
Haz

{P} while b do s end {-0A P}

With these rules, we can only evaluate syntactically, thus expressions like {x = 4 Ay = 5} skip {y = 5 Az = 4} are not
an instance of the SKIP 4, because the precondition and postcondition are not identical. Thus we often need to apply
semantic reasoning, e.g. applying mathematical properties.

Definition 5.3.7| (Semantic entailment) expresses the reasoning steps “We write P |= @ if and only if for all states
o, B[P]o = tt implies B[Q]o = tt”"

This leads to the Rule of Consequence
{P'} s {Q'}
{P} s {Q}

a rule, where we can strengthen preconditions (P cannot be weaker than P’) and weaken postconditions (Q cannot
be stronger than Q’)

CONS A, if P=P and Q EQ

Since the derivation trees often get quite large, we can group them around each line in the program text.

Inline Notation can be used to make the changes more easily legible. For example, to express instances of SKIP 4,
instead of writing - {P} skip {P}, we can write. More examples on slides 167 - 170 (pages 30 - 33 in Slide Deck 4)

{P}

skip

{P}

Forward Assignment
ASSF 4,

{P}z:=e{3V.Plx = V]Az =¢lx— V]}
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5.3.2.3 Total Correctness
We use a different form of Hoare triple {P} s {{} Q}, which describes total correctness.

All rules for total correctness are equivalent to the ones for partial correctness, apart from the rule for loops.
{bANPAre=Z}s{{ PNe< Z}
{P} while b do s end {{ “bA P}

WHTOT 4, fbAPEO<e

5.3.3 Soundness and Completeness

Definition 5.3.8 (Soundness) If a property can be proven, then it holds. As a result, an unsound derivation system
does not provide any guarantees, as we may miss errors (we may have false negatives).

Definition 5.3.9 (Completeness) If a property holds, then it can be proven. As a result, we may have a correct program
that we can't prove in an incomplete derivation system (we may have false positives)

Both can be proven with regard to an operational semantics.

Example 5.3.10 The partial correctness triple {P} s {Q} is valid, written |= {P} s {Q} if and only if

Vo,0' B[P]o = ttA+ (s,0) = o' = B[Q]o’ = tt

More generally:

= Soundness - {P} s {Q} = = {P} s {Q}
» Soundness = {P} s {Q} =+ {P} s {Q}

Soundness, Completeness Theorem 5.3.11

For all partial correctness triples {P} s {Q} of IMP we have
F{P} s {Q} oF {P} s {Q}
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6 Modelling
6.1 Model Checking

Model Checking

Definition 6.1.1

Model checking is an automated technique that, given a finite-state model of a system and a formal property,
systematically checks whether this property holds for (a given state in) that model.

Model checkers enumerate all possible states of a system, either through explicitly representing state through concrete
values or symbolically through (boolean) formulas.

They are primarily used to analyze system designs, and not implementations and are often used to analyze deadlocks,
the reachability of undesired states and protocol violations.

6.1.1 The Model Checking Process

The first and most important phase is the modeling phase, where we model the system in the description language of
the model checker (here Promela). It also includes formalizing the properties to be checked in said language.

Next, we run the model checker to check the validity of the model. In the case of this course, we use spin, and we
can run a Promela model using spin -x <promela file>.pml, which wraps spin -a <promela file>.pml, gcc
<promela file>.c and ./a.out into a single command.

After running, it is time to analyze the output of the model checker. If the property is violated, analyze the found
counter example. If the model is too large, it can happen that the checker runs out of memory. In that case, reduce the
model and try again.

6.2 Promela

Promela has C-like syntax, and its main objects are processes, channels, and variables.

An important consideration always is the number of states there are for each model, if spin can complete executing.

The number of states is given by

N

K
[T < T laona)) x [T ldon(c,)|

i=1 varx; €p;

where I(p;) returns the number of program locations for process 4, |dom(z;)| denotes the number of values a variable
can take, dom(c;) denotes the number of values each message in the channel can take and cap(c;) returns the capacity
of the buffer of the channel.

THUS: Keep the model as small as possible to prevent the above, which is called state space explosion

On the next page, the basic syntax of Promela is presented.

July 12, 2026 31 /39



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

Formal Methods & Functional Programming

Janis Hutz

// === Constants ————————————————— -
// As C preprocessor macros
#define N 5

// Symbolic constant
mtype = { ack, req };

// === Typedef ————————————— =
// Structure declarations
typedef vector { int x; int y };

// === Channels ————————— ===
// Channels are used to exchange messages between processes

chan buf = [2] of { int }; // can store up to 2 integers

chan buf2 = [2] of { mtype, bit, chan }; // Messages are Triples
chan channel = [0] of { int }; // No buffer

chan unassigned_chan; // This channel %is unassigned

// === Variables ————————————————— oo
// Note that there are mo floats and unbounded integers.

// Variables are initialized to O (ish) wvalues

// If defined outside a process, they are global, if instide,
// they are scoped to satd process

bit bit_val; // 1 bit

bool bool_val; // Equivalent to bit, also 1 bit

byte counter; // 1 byte (0...255)

short short_val; // 2 bytes (-2715 ... 2715 - 1)

int val; // 4 bytes

int arr[4]; // 16 bytes, array of four integers

vector v; // using the custom vector type

mtype msg = ack; // Using the symbolic constant

// === Processes ——————=— == ———mmm oo
// Process declarations
proctype myProc(int p) {

// Like the init body, any promela statements go in here

// This includes any wvariable or channel declarations

printf ("My process");

active [N] proctype myActiveProc(int p) {
// Body goes here

// === Initial state ———————————mmm e
init {
printf("Hello World");
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6.2.1 Expressions

Expressions in Promela can be:

Variables, constants, and literals

Structure and array accesses

Unary and binary expressions with operators. The operators correspond to the C operators
Function applications

Ternary operators / conditional expressions E1 -> E2 : E3

Promela has a number of built in functions, which are:

len() = nempty() = nfull() = eval() = pcvalue()
empty () = full() = run <proc> = enabled()

6.2.2 Statements
The following statement types are supported by Promela:

skip: Does not change the state (except the location counter). Always executable

assert (E): Aborts execution if E evaluates to zero, otherwise is equivalent to skip. Always executable
Assignment: x = E assigns value of E to variable x. For arrays, use a[n] = E. Always executable
s1;s2 (Sequential composition): Executable if s1 is executable

Expression statement: Evaluates expression E, executable if E evaluates # 0. E must be side effect free.

In addition, selection statements (i.e. if / switch) and repetitions (loops) are supported:

if

sl —-> code;

s2 —> code;

fi

do

code; // The else statement, exzecutes if no other option exzecutable

sl -> loop_body_1; // We can use this technique to combine if and loops
s2 —-> loop_body_2;

od

else -> break;

Then, we have atomic statements, which has signature atomic { s }, which executes s atomically.
6.2.3 Macros
Promela does not support procedures. However, many of the effects (apart from recursion) can be achieved with macros.

We define them using

inline name(argl, arg2) { /* body */ }

As is the case in C, they are simply replaced in the code and thus have no new variable scope, support no recursion and
have no return value.

July 12, 2026 33 /39



Formal Methods & Functional Programming Janis Hutz

6.3 Linear Temporal Logic

6.3.1 Transition System of a Promela Model

For the transition systems, compared to earlier, we use a fixed initial configuration because we only model one program or
system, as opposed to all programs of a programming language, as previously. In addition, we omit terminal configurations
from the definition, which simplifies the theory, and termination can be modelled by a transition into a special state, the
sink state, which only allows further transitions back to itself.

6.3.1.1 Converting a Promela model into a transition system

The configurations are the states of the model, such as global variables and channels, as well as per active process the
local variables, channels, and location counters.

The initial configuration is the initial state of the model.
The transition relation is defined by the operational semantics of the statements. They are kept informal in this course.

A Promela model has a finite number of states, since there are a finite number of allowed active processes (255), as well
as finite numbers of variables and channels, finite ranges of variables and finite buffers of channels.

Computations
S¢ is the set of infinite sequences of elements of set S and sj; denotes the i-th element of the sequence s € S*

v € I' is a computation of a transition system if:

" Yo =01

" V] 7 V1] (fOF all ¢ > 0)
Note that we use o to range over the states I' of a transition system. Here ~[; denotes the i-th element in v = ooy . ..

We use C(T'S) to denote the set of all computations of a transition system TS

6.3.2 Linear Time Properties

LT-Properties can be used to specify the permitted computations of a transition system. A linear time property P over
I" is a subset of I'“’, where P specifies a particular set of infinite sequences of configurations.

A transition system T'S satisfies the LT-Property P (over I'), denoted T'S |= P, if and only if C(T'S) C P. Intuitively,
this means that all computations of T'S belong to the set P.

LT-Properties precisely express properties of computations. Non-termination is handled using infinite sequences and
non-determinism is handled by considering each computation separately.

To make notation cleaner and quicker, we define atomic propositions (AP) for a transition system T'S, which is a
proposition that does not contain any logical connectives. For example, AP = {open, closed} (for files).

We then provide a labeling function L : T' — P(AP) that maps configurations to sets of atomic propositions from AP.
L(o) is called an abstract state. AP and L are both considered to be part of the transition system.
6.3.2.1 Traces

A trace is an abstraction of a computation, which only observes the propositions of each state, not the concrete state
itself. It is an infinite sequence of abstract states P(AP)“.

t € P(AP)% is a trace of a transition system TS if t = L(7jo)L(7}1)) . and 7y is a computation of T'S. The set of all
traces of T'S is T(T'S). The LT-Properties are typically specified over infinite sequences of abstract states, rather than
over sequences of configurations.

6.3.2.2 Safety Properties

Definition 6.3.1) An LT-property P is a safety property if for all infinite sequences t € P(AP)“: if t ¢ P then there
is a finite prefix ¢ of ¢ such that for every ¢’ with prefix ¢, t ¢ P.

Intuition: More informally, it does not allow anything bad to happen. Or, more exhaustively, if a sequence ¢ is not
allowed by the LT-property, then there exists a finite prefix t, which contains everything that makes the sequence violate
the LT-property. Thus, whatever sequence we append to it, it will always remain in violation of the property P.
6.3.2.3 Liveness Properties

Definition 6.3:2' An LT-property P is a liveness property if every finite sequence ¢ € P(AP)* is a prefix of an infinite
sequence t € P
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Intuition: More informally, it states that something good will happen eventually. Or, more exhaustively, if every finite
sequence of atomic propositions can be extended to a sequence that is allowed by the LT-property.

6.3.2.4 On proves and examples
Some remarks for common exam multiple-choice questions

= Safety Property and Liveness Property: Only true is such an example

= Neither: There are no examples, since every LT-property is a conjunct of a safety and liveness property and every
LT-property can be rewritten as such a conjunct.

Typically, the exam includes questions on whether or not a given LT-property ¢ is a liveness property, safety property or
a conjunct of both. To determine that, use the following flow chart:

Is ¢ safety property?

Safety Property Is ¢ a liveness property?
% No\)
Liveness Property Conjunct

6.3.3 Linear Temporal Logic
This is used to formalize LT-properties of traces.

6.3.3.1 Operators
The basic operators are, with p a proposition from AP # (), and ® and ¥ LTL formulas:

= p states that it is true “now”
= O U U states that ® holds “until” U holds. l.e. there are no other valid propositions that hold in between.
= (O states that the @ holds for the “next”

6.3.3.2 Semantics
t |= @ expresses that a trace t € P(AP)¥ satisfies the LTL formula @

= t = pif and only if p €t » t &= ®UVY if and only if there is a £k > 0 with
» t = —®if and only if not t = ® t>r) E VY and t(>j) = @ forall j with0<j <k
» tEPATifandonlyift=E®andt =0 = t = O®ifand only if t(>q) = @

6.3.3.3 Derived operators
There are a number of handy derived operators defined here that we can use, unless otherwise specified.

= Eventually: ©® = (true U®)
= Always (from now on): 0% = =0-®

Precedences are unary operators (such as O® = ¥ means (O®) = ¥), but we use parenthesis to avoid ambiguities.
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6.3.3.4 Useful patterns

Strong invariant JW: ¥ always holds and this is a safety property if U is a safety property. For instance, a file is
always open or closed ((J(open V closed))

Monotone invariant O(¥ = [OW): Once VU is true, it will always be true. It is a safety property if ¥ is a safety
property. For instance, once information is public, it can never be private again (O(public = Upublic)

Establishing an invariant OGOW: Eventually, ¥ will always hold. It is a liveness property if ¥ is satisfiable. For
instance, system initialization starts server (¢OserverRunning)

Responsiveness (¥ = O®): Every time that ¥ holds, ® will eventually hold. It is a liveness property if ®
satisfiable. For instance, all opened files must be closed eventually ((open = <closed))

Fairness [(JOW: W holds infinitely often. It is a liveness property if U is satisfiable. For instance, a producer does
not wait infinitely long before entering the critical section (O<Ocritical)
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7 Exercises

7.1 Introduction

This section aims to give you an overview over how to solve different exercise types. An understanding of the rest of
the topics covered in the lecture is expected, as well as understanding of haskell. There is a short section on haskell in
this section, too.

FMFP is known to feature an exam where time is at a premium, so the most important preparation likely is solving as
many old exams as you can, to really get fast at solving the exercises in there, as the exams have been following a similar
format, with predictable exercise types, for a long time.

7.2 Functional Programming

7.2.1 Evaluation strategies

[At exam: |t is likely that one such task will appear.

Evaluation strategies formalize how programming languages evaluate the code. Most of the commonly used programming
languages use eager evaluation, whereas functional programming languages tend to prefer lazy evaluation

Tasks typically involve doing the compiler / interpreter's work, evaluating a given statement. This can either be full
haskell code, or in the mini-Haskell, often with lambda functions instead of pattern matching and recursion, as that
tends to be more challenging due to the possibility of losing track of what you expanded or not. An easy way around
that is to use different colour highlighters.

7.2.1.1 Lazy Evaluation

In Lazy Evaluation, expressions are substituted until all possible values are substituted and the expression is then evaluated.

7.2.1.1.1 Lambda functions

For expressions of form t1 t2, t1 is evaluated by substituting every occurrence of the function arguments by t2, without
evaluation t2, e.g. (\x -> x y) (\x —-> x), the evaluation will lead to (\x -> x) y Below a more complicated
example, highlighted with colours for you to track what goes where:

Ax > x (\y -> x y))
Substitute t2 into t1 (no eval): Ay —> y)
Recolour for next changes: Ay > v Ay > Qx> Oy >y x) )

Substitute again: (\y -> y) (\y > (\x > (\y —> y) %) y)
And again: (\y > (\x —=> (\y -> y) %) y)

o s e

Now, evaluation stops, because there is nothing left to apply. In some cases, this can go on until you get a final result,
but not always. This evaluation example also makes it evident why using colours can be very handy.
7.2.1.1.2 Pattern Matching

Pattern matching is fairly straight forward, however, conditional evaluation requires evaluation to the smallest extent
possible to determine the option to pick from.

7.2.1.2 Eager Evaluation

For expressions of form t1 t2, t1 is evaluated by substituting every occurrence of the function arguments by an evaluated
t2, i.e. t2 is evaluated before substituting it. Coming back to the short example from above (\x -> x y) (\x -> x)
is evaluated to the same (\x -> x) y. The difference only becomes evident with a more complicated example. We'll
use the same example again as above, again highlighted.

OAx > x Oy > x y))
Evaluate (now purple): (\x -> x (\y > x y)) (\x -> x)
Substitute purple: (\x -> x) (\y -> (\x -> x) y)

Evaluate green parts (now cyan): (\x -> x) (\y -> y)

o L=

Substitute cyan: (\y -> y)

As you can clearly see, both strategies don’t result in the same evaluation.
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7.2.2 Haskell
At exam: typically either short coding task or proof of
program

7.2.2.1 Programming
The best tip here is to read the Haskell book, and to solve the exercises during the semester.

7.2.2.1.1 Fold

One of the most important functions to understand is foldr (and foldl). If you have used reduce functions before,
in e.g. JavaScript / TypeScript, they are similar to a map combined with a reduce.

For instance, in TypeScript, the reduce function has the type signature
array.reduce( ( accumulator: A, current: A, idx: number, array: A[] ) => A, initialValue: A )

In the Haskell prelude, they are defined as follows:

foldr :: (a ->b ->b) => b -> [a] => b
foldr f z [] =z
foldr f z (x:xs) = f x (foldr f z xs)

foldl :: (a ->b ->a) ->a -> [b] -> a
foldl f z [] =z
foldl f z (x:xs) = foldl f (f v x) xs

7.2.2.1.2 zipWith

To combine a map and a zip function, use zipWith, type:

zipWith :: (a -> b -> ¢) -> [a] -> [b] -> [c]

TODO: Add more remarks

7.2.2.2 Proofs

These proofs use structural induction, see Section 2 for that.

7.2.3 Natural Deduction

7.2.3.1 Parenthesis

This task (if it were to even ever appear in the exams) is simply applying precedences, as well as remembering associativity.

The precedences are as follows:
A>A>V >—

The associativities are right for A and Vv, whereas — is left associative. This means that

A — B — C'is parenthesized as A — (B — C)

7.2.3.2 Derivation trees
The most important tip here is to write as little as possible, by defining variables (such as I", T, etc) for each step, so
you can simply write that instead of all the content.

7.2.3.3 Defining rules

This is often the hardest type of task. First state the obvious cases, the basic introduction and elimination rules
according to the given definition. Remember that the rules are defined top-down, so, for introducing A <+ B, defined
as (A — B) A (B — A), we define the rules as follows:

'F(A—-B)A(B— A) 'A< B

I-Ao B ©-nto A4S B A (B — A)

<+-elim

The hard part is coming up with useful extra rules. Here, and with all rules defined by an AND, we can also define it
slightly differently:

'-rA— B FI—B—>A<_>_|
'A< B
Similarly, we can also provide elimination rules for the left or right:
'A< B 'A< B
————— -EL -
I'+(A— B) 'k (B— A)

—-ER
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7.2.4 Type Inference
1.

7.3 Induction

For induction proofs, see Section 2, which were moved up, since they are used in both FP and FM, as well as being
mentioned a few times in the rest of the summary.

7.4 Formal Methods
7.5 Checklist

7.5.1 Learning
7.5.2 For the exam
O Multiple colours of highlighters (for eval tasks)
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